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Warning: This is an AI-translated version of my German lecture notes, performed by Gemini 3 Flash
Preview. I have not checked whether Gemini introduced errors. Use with care!

Preface

In representation theory, one realizes abstract mathematical objects such as maps, vector spaces,
groups, rings, graphs etc. through concrete objects such as coordinate vectors, matrices or permu-
tations. In linear algebra, this is easy: every n-dimensional vector space over a field K is isomorphic to
Kn and every linear map corresponds to a matrix. From algebra, one knows Cayley’s theorem: every
(finite) group is isomorphic to a subgroup of a symmetric group (every group element thus corresponds
to a permutation). In this lecture, we are interested in representations of finite groups by matrices
over a field K. At the beginning, we often assume K = C for the sake of simplicity. One can then
already answer many questions through the trace of the corresponding matrices. In Chapter 7, we re-
place C with a number field (i. e. a finite field extension of Q). Finally, we consider fields with positive
characteristic.

This script originated from a one-hour lecture in the summer semester 2023 at Leibniz Universität Han-
nover. This lecture is primarily aimed at Bachelor’s and Master’s students of mathematics. Knowledge
of Algebra 1 is assumed. The first part roughly follows my notes on character theory. Subsequently,
I have simplified the proof of Frobenius’s theorem (existence of Frobenius kernels), so that induced
characters are no longer needed for it. As a new application of induced characters, I have included
Taunt’s theorem instead. I thank Karl Böhlke, Lyon Wolfgang Dorgelo, Leon Eickhoff, Leon Lampe,
Claude Sonnet (4.6), Frederik Tscherniak, Tim Wittenberg and Yasin Yilmaz for error corrections.

Literature:

• Sambale, Algebra notes, Character theory notes

• Isaacs, Character theory of finite groups, AMS Chelsea Publishing, Providence, RI, 2006

• Huppert, Character theory of finite groups, Expositions in Mathematics, Vol. 25, Walter de
Gruyter GmbH & Co., Berlin, 1998

• Grove, Groups and characters, Pure and Applied Mathematics, John Wiley & Sons Inc., New
York, 1997

• James und Liebeck, Representations and characters of groups, 2nd Edition, Cambridge University
Press, Cambridge, 2001

• Lux und Pahlings, Representations of groups, Cambridge University Press, Cambridge, 2010

• Webb, A Course in Finite Group Representation Theory, Cambridge University Press, Cam-
bridge, 2016

1 Representations

Remark 1.1.

(i) We use the usual number sets N ⊆ N0 ⊆ Q ⊆ R ⊆ C.

(ii) Let K always be a field and G a finite group.
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Definition 1.2. Let V ̸= 0 be a finite-dimensional K-vector space. A (K-)representation of G on
V is a homomorphism ∆: G → GL(V ). One calls dimV the degree of ∆. If ∆ is injective, then
∆ is called faithful. By choosing a basis of V , one obtains a corresponding matrix representation
∆′ : G→ GL(n,K).

Remark 1.3. If a representation ∆: G→ GL(V ) is given, we often write gv := ∆(g)(v) for g ∈ G and
v ∈ V . This defines an action of G on V , i. e. 1v = v and ghv = g(hv) hold for all g, h ∈ G and v ∈ V .
Additionally, the linearity g(v+w) = gv+gw holds. Conversely, every action of G on V corresponds to a
homomorphism G→ Sym(V ). If, in addition, linearity holds, then it is a homomorphism G→ GL(V ),
thus a representation. In this way, representations and linear actions correspond to each other.

Example 1.4.

(i) The trivial (matrix) representation 1G : G → GL(1,K) = K× = K \ {0} is given by 1G(g) = 1
for g ∈ G.

(ii) For n ∈ N let Sn be the symmetric group of degree n. The map sgn: Sn → Q×, g 7→ sgn(g) is a
Q-representation of degree 1. The kernel of sgn is the alternating group An.

(iii) Let
D2n = ⟨σ, τ : σn = τ2 = 1, τστ−1 = σ−1⟩

be the dihedral group of order 2n, i.e., the symmetry group of the regular n-gon. Then

∆(σ) :=

(
cos(2π/n) − sin(2π/n)
sin(2π/n) cos(2π/n)

)
, ∆(τ) :=

(
1 0
0 −1

)
defines an R-matrix representation of degree 2 (∆(σ) is the rotation by 2π/n and ∆(τ) the
reflection across the x-axis).

(iv) For two K-representations ∆: G → GL(V ) and Γ: G → GL(W ), ∆ ⊕ Γ: G → GL(V ×W ) is
also a K-representation with g(v, w) := (gv, gw) for g ∈ G, v ∈ V and w ∈W . With respect to a
suitable basis, the corresponding matrix representation has block diagonal form:

(∆⊕ Γ)′(g) =

(
∆′(g) 0
0 Γ′(g)

)
.

(v) If ∆: H → GL(V ) is a representation and f : G→ H is a group homomorphism, then ∆◦f : G→
GL(V ) is also a representation. If G ≤ H and f is the inclusion map, one obtains the restriction
∆G : G→ GL(V ), g 7→ ∆(g). If H = G/N with N ⊴G and f : G→ H, g 7→ gN is the canonical
epimorphism, then ∆ ◦ f is called the inflation of ∆.

(vi) If ∆: G→ GL(V ) is a representation andN⊴G withN ⊆ Ker(∆), one obtains by deflation a well-
defined representation ∆̂ : G/N → GL(V ), gN 7→ ∆(g). In particular, ∆̂ : G/Ker(∆) → GL(V )
is a faithful representation.

(vii) Inflation and deflation are obviously inverse to each other.
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Definition 1.5. Two representations ∆: G → GL(V ) and Γ: G → GL(W ) are called similar , if an
isomorphism f : V → W with f ◦ ∆(g) = Γ(g) ◦ f for all g ∈ G exists. In this case, the following
diagram is commutative:

V V

W W

∆(g)

Γ(g)

f f

Accordingly, two matrix representations ∆: G → GL(n,K) and Γ: G → GL(m,K) are similar if
n = m and there exists an A ∈ GL(n,K) with A∆(g) = Γ(g)A for all g ∈ G.

Remark 1.6.

(i) Similarity is an equivalence relation. Similar representations have the same degree. One is usually
only interested in representations up to similarity (just as for groups up to isomorphism).

(ii) In linear algebra, it is shown that two square matrices A,B describe the same map if and only
if there exists an invertible matrix T with AT = TB. Thus, two matrix representations corre-
sponding to the same representation of G are always similar.

(iii) The similarity classes of representations and matrix representations obviously correspond to each
other. We will therefore often identify representations with their corresponding matrix represen-
tations in the following.

Definition 1.7. Let ∆: G → GL(V ) be a representation. A subspace U ≤ V is called ∆-invariant ,
if gU := {gu : u ∈ U} = U for all g ∈ G holds. In this case, ∆′ : G → GL(U), g 7→ ∆(g)|U is also a
representation. If 0 and V are the only ∆-invariant subspaces, then ∆ is irreducible. Otherwise, ∆ is
reducible.

Example 1.8.

(i) Representations of degree 1 are obviously irreducible.

(ii) Inflation and deflation of irreducible representations are again irreducible (the images do not
change).

Theorem 1.9 (Maschke). Let charK ∤ |G| (e. g. charK = 0). Let ∆: G→ GL(V ) be a representation
and U ≤ V be ∆-invariant. Then U has a ∆-invariant complement W ≤ V , i. e. V = U ⊕W .

Proof. We first choose an arbitrary subspace X of V with V = U ⊕X (basis extension theorem) and
denote by π : V → V , u+ x 7→ u the projection onto U . Since charK ∤ |G|,

ρ :=
1

|G|
∑
g∈G

∆(g)−1 ◦ π ◦∆(g) ∈ End(V )
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is well-defined and W := Ker(ρ) ≤ V . For u ∈ U we have

ρ(u) =
1

|G|
∑
g∈G

∆(g)−1(π(∆(g)(u)︸ ︷︷ ︸
∈U

)) =
1

|G|
∑
g∈G

(∆(g)−1∆(g))︸ ︷︷ ︸
=idV

(u) = u.

In particular, U ∩W = 0. For v ∈ V we have ρ(v) ∈ U , thus

ρ(v − ρ(v)) = ρ(v)− ρ(ρ(v)) = ρ(v)− ρ(v) = 0,

i. e. v − ρ(v) ∈ W and v = ρ(v) + (v − ρ(v)) ∈ U +W . Consequently, V = U ⊕W . For w ∈ W and
g ∈ G it holds that

ρ(gw) =

(
1

|G|
∑
h∈G

∆(h−1) ◦ π ◦∆(hg)

)
(w) =

(
∆(g) ◦

(
1

|G|
∑
h∈G

∆(g−1h−1) ◦ π ◦∆(hg)

)
︸ ︷︷ ︸

=ρ

)
(w)

= gρ(w) = g0 = 0,

so gw ∈ Ker(ρ) =W . Thus W is ∆-invariant.

Remark 1.10.

(i) Let ∆ be a representation on V , and let V = U ⊕ W be a ∆-invariant decomposition. This
yields subrepresentations ΓU : G→ GL(U), g 7→ ∆(g)|U and ΓW : G→ GL(W ), g 7→ ∆(g)|W . By
choosing a suitable basis of V , ∆ then has the form

∆(g) =

(
ΓU (g) 0

0 ΓW (g)

)
for all g ∈ G. Thus ∆ = ΓU ⊕ ΓW . In the case charK ∤ |G|, every representation can thus be
written as a direct sum of irreducible representations.

(ii) If charK is a divisor of |G|, then there are representations for which Maschke’s Theorem is false
(Exercise 1).

Lemma 1.11 (Schur’s Lemma). Let ∆: G → GL(n,K), Γ: G → GL(m,K) be irreducible matrix
representations and 0 ̸= A ∈ Kn×m with AΓ(g) = ∆(g)A for all g ∈ G. Then:

(i) n = m and A is invertible. In particular, ∆ and Γ are similar.

(ii) If ∆ = Γ and K is algebraically closed, then A = λ1n for some λ ∈ K×.

Proof.

(i) For g ∈ G and v ∈ Ker(A) we have

AΓ(g)v = ∆(g)Av = 0,

thus Γ(g)v ∈ Ker(A). Therefore Ker(A) is a Γ-invariant subspace of Km. Analogously, Bild(A)
is a ∆-invariant subspace of Kn. From the irreducibility of ∆ and Γ it follows that Ker(A) = 0
and Bild(A) = Kn. Therefore A is invertible and n = m.

(ii) Since K is algebraically closed, A has an eigenvalue λ. Then (A− λ1n)Γ(g) = AΓ(g)− λΓ(g) =
∆(g)(A− λ1n) for all g ∈ G. Since A− λ1n is not invertible, A− λ1n = 0 follows from (i).
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2 Characters

Remark 2.1. In the next chapters, let always K = C. Because charK = 0 ∤ |G|, Maschke’s Theorem
can be applied. According to the Fundamental Theorem of Algebra, C is algebraically closed. Thus
one can also use the second part of Schur’s Lemma.

Theorem 2.2. Every irreducible representation of an abelian group has degree 1.

Proof. Let G be abelian and ∆: G→ GL(n,C) an irreducible matrix representation of G. Let g ∈ G be
fixed. For all h ∈ G it then holds that ∆(g)∆(h) = ∆(gh) = ∆(hg) = ∆(h)∆(g). According to Schur’s
Lemma, we thus have ∆(g) = λg1n for some λg ∈ C. In particular, C(1, 0, . . . , 0) is a ∆-invariant
subspace of Cn. Since ∆ is irreducible, it follows that n = 1.

Definition 2.3. Let ∆: G→ GL(n,C) be a matrix representation. The map

χ : G→ C, g 7→ tr∆(g)

is called the character of ∆ (and of G). Here χ(1) = tr∆(1) = tr 1n = n is the degree of χ (and of
∆). If ∆ is irreducible (faithful, . . . ), then χ is also called irreducible (faithful , . . . ). We denote the
set of irreducible characters of G by Irr(G). Note: Faithful characters are in general not injective (see
Remark 2.15).

Remark 2.4. For A = (aij) ∈ Kn×m and B = (bij) ∈ Km×n we have

tr(AB) =
n∑
i=1

m∑
j=1

aijbji =
m∑
j=1

n∑
i=1

bjiaij = tr(BA). (2.1)

Lemma 2.5. Similar matrix representations have the same character.

Proof. Let ∆: G → GL(n,C) and Γ: G → GL(n,C) be similar matrix representations. Then there
exists an A ∈ GL(n,C) with ∆(g)A = AΓ(g) for all g ∈ G. From (2.1) it follows that

tr∆(g) = tr((AΓ(g))A−1) = tr(A−1(AΓ(g))) = tr Γ(g)

for all g ∈ G.

Remark 2.6.

(i) Characters were originally introduced by Dirichlet for prime residue class groups (Z/nZ)× in
order to prove his prime number theorem.1

(ii) Characters are the “shadows” of representations, i. e. on the one hand, information is lost by
replacing the n2 entries of a matrix with a single value, but on the other hand, enough information
remains to read off properties of the group.

(iii) If ∆: G→ GL(V ) is a representation, one can assign a character to ∆ by choosing a corresponding
matrix representation. Due to Lemma 2.5, this does not depend on the choice of the basis of V .

1See Proof of Dirichlet’s Prime Number Theorem
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(iv) Obviously, representations of degree 1 coincide with their character. These characters are called
linear. In particular, there is the trivial character 1G : G→ C with 1G(g) = 1 for g ∈ G.

(v) For every representation ∆: G → GL(V ), det∆: G → C, g 7→ det∆(g) is a linear character.
Since similar matrices have the same determinant, det∆ depends only on the character χ of ∆.
One can therefore define detχ := det∆.

(vi) If ∆ and Γ are representations with character χ and ψ respectively, then ∆⊕Γ has the character
χ+ ψ. Sums of characters are thus again characters.

Definition 2.7.

(i) One calls g, h ∈ G conjugate, if an x ∈ G with xgx−1 = h exists. The elements conjugate to g
form the conjugacy class

Cl(g) := {xgx−1 : x ∈ G}

of g. Let the set of conjugacy classes of G be Cl(G). One calls k(G) := |Cl(G)| the class number
of G. Let

CG(g) := {x ∈ G : xg = gx} ≤ G

be the centralizer of g in G. In algebra one shows |Cl(g)| = |G : CG(g)|.

(ii) As is well known, the set of all mappings G→ C becomes a C-vector space of dimension |G| via

(α+ β)(g) := α(g) + β(g), (λ · α)(g) := λα(g)

for α, β : G → C, g ∈ G, λ ∈ C. A mapping α : G → C is called a class function, if α(g) =
α(hgh−1) holds for all g, h ∈ G. Class functions are thus constant on conjugacy classes. The
subspace CF(G) of all class functions obviously has dimension |Cl(G)|.

Lemma 2.8. The characters of G are class functions. In particular, Irr(G) ⊆ CF(G).

Proof. Let ∆: G→ GL(V ) be a representation with character χ. For g, h ∈ G we have

χ(hgh−1) = tr∆(hgh−1) = tr(∆(h)∆(g)∆(h)−1)
(2.1)
= tr∆(g) = χ(g).

Definition 2.9. Obviously,

(χ, ψ)G :=
1

|G|
∑
g∈G

χ(g)ψ(g) (χ, ψ ∈ CF(G))

defines a scalar product of the C-vector space CF(G).

Remark 2.10.

(i) If g1, . . . , gk ∈ G are representatives for the conjugacy classes of G, then

(χ, ψ)G =
1

|G|

k∑
i=1

|G : CG(gi)|χ(gi)ψ(gi) =
k∑
i=1

χ(gi)ψ(gi)

|CG(gi)|
. (2.2)

Up to the factors |CG(gi)|−1, (χ, ψ)G thus corresponds to the standard scalar product of Ck.
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(ii) For characters χ, ψ of G, according to Exercise 5, we also have

(χ, ψ)G =
1

|G|
∑
g∈G

χ(g)ψ(g−1).

Lemma 2.11 (Schur Relations). Let ∆: G → GL(n,C), Γ: G → GL(m,C) be irreducible matrix
representations with ∆(g) = (λij(g)) and Γ(g) = (θij(g)) for g ∈ G.

(i) If ∆ and Γ are not similar, then ∑
g∈G

λii(g)θjj(g
−1) = 0

for all i, j.

(ii) It holds that ∑
g∈G

λii(g)λjj(g
−1) =

|G|
n
δij .

Proof.

(i) Let Eij ∈ Cn×m be the matrix with a 1 at position (i, j) and zeros elsewhere. We set

Fij :=
∑
g∈G

∆(g)EijΓ(g
−1).

For h ∈ G we then have ∆(h)FijΓ(h
−1) = Fij , i. e. ∆(h)Fij = FijΓ(h). If ∆ and Γ are not similar,

then Fij = 0 follows from Schur’s Lemma. In particular, Fij is equal to 0 at position (i, j), i. e.
(i) holds.

(ii) Now let ∆ = Γ. According to Schur, Fij = ρij · 1n for some ρij ∈ C. For the entry of Fij at
position (1, 1) it then holds that

ρij =
∑
g∈G

λ1i(g)λj1(g
−1) =

∑
h∈G

λ1i(h
−1)λj1(h) =

∑
h∈G

λj1(h)λ1i(h
−1) = ρ11δij .

With ρ := ρ11 (= ρii) it follows that

nρ =
n∑
j=1

∑
g∈G

λij(g)λji(g
−1) =

∑
g∈G

1 = |G|

due to ∆(g)∆(g−1) = 1n for g ∈ G. Now (ii) results from the entry of Fij at position (i, j).

Theorem 2.12 (First Orthogonality Relation). For χ, ψ ∈ Irr(G) it holds that

(χ, ψ)G =
1

|G|
∑
g∈G

χ(g)ψ(g) =

{
1 if χ = ψ,

0 if χ ̸= ψ.

9



Proof. Let ∆ and Γ be irreducible representations of G with character χ and ψ respectively. First
let χ ̸= ψ. According to Lemma 2.5, ∆ and Γ are then not similar. We write ∆(g) = (λij(g)) and
Γ(g) = (θij(g)) for g ∈ G. Then χ(g) =

∑
λii(g) and ψ(g) =

∑
θii(g). According to Lemma 2.11 it

holds that
(χ, ψ)G =

1

|G|
∑
g∈G

∑
i,j

λii(g)θjj(g
−1) = 0.

Analogously,

(χ, χ)G =
1

|G|
∑
g∈G

∑
i,j

λii(g)λjj(g
−1) =

χ(1)

|G|
|G|
χ(1)

= 1.

Remark 2.13. From Theorem 2.12 it follows easily that Irr(G) is a linearly independent subset of
CF(G). In particular, |Irr(G)| ≤ dimCCF(G) = |Cl(G)| ≤ |G| <∞.

Theorem 2.14. Two representations are similar if and only if they have the same character.

Proof. One direction is Lemma 2.5. Now let ∆ and Γ be representations with the same character χ. We
write ∆ =

⊕n
i=1∆i and Γ =

⊕m
i=1 Γi as sums of irreducible representations. Then χ also decomposes

into

χ =

n∑
i=1

χ∆i =

m∑
i=1

χΓi .

According to Remark 2.13, n = m and χ∆i = χΓi for i = 1, . . . , n given a suitable numbering. If ∆i

and Γi were not similar, one would obtain the contradiction 1 = (χ∆i , χΓi)G = 0 as in the proof of
Theorem 2.12. So let Ai ∈ GL(χ∆i(1),C) with Ai∆i(g) = Γi(g)Ai for all g ∈ G. For

A :=

A1 0
. . .

0 An

 ∈ GL(χ(1),C)

it then obviously holds that A∆(g) = Γ(g)A for all g ∈ G, i. e. ∆ and Γ are similar.

Remark 2.15.

(i) Let ρ be the regular character of G. According to Exercise 1, it holds that

ρ(g) =

{
|G| if g = 1,

0 otherwise.

For χ ∈ Irr(G) we therefore have

(ρ, χ)G =
1

|G|
∑
g∈G

ρ(g)χ(g) = χ(1).

It follows that ρ =
∑

χ∈Irr(G) χ(1)χ and |G| = ρ(1) =
∑

χ∈Irr(G)

χ(1)2.
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(ii) Let C,D,E ∈ Cl(G), e ∈ E and g ∈ G. Then the map (c, d) 7→ (gcg−1, gdg−1) is a bijection
between {(c, d) ∈ C × D : cd = e} and {(c, d) ∈ C × D : cd = geg−1}. Therefore, the class
multiplication constant

γCDE :=
∣∣{(c, d) ∈ C ×D : cd = e}

∣∣
does not depend on the choice of e ∈ E.

Lemma 2.16. For an irreducible representation ∆ with character χ and g ∈ C ∈ Cl(G), it holds that∑
x∈C

∆(x) = ω∆(C) id

with ω∆(C) := ωχ(C) :=
|C|
χ(1)χ(g).

Proof. Let A :=
∑

x∈C ∆(x). For y ∈ G, it holds that ∆(y)A∆(y−1) =
∑

x∈C ∆(yxy−1) = A. From
Schur’s Lemma, it follows that A = ω∆(C) id for some ω∆(C) ∈ C. Furthermore,

ω∆(C)χ(1) = trA =
∑
x∈C

χ(x) = |C|χ(g).

Theorem 2.17 (Second orthogonality relation). For g, h ∈ G, it holds that

∑
χ∈Irr(G)

χ(g)χ(h) =

{
|CG(g)| if g and h are conjugate,
0 otherwise.

Proof. Let C,D ∈ Cl(G) with g ∈ C and h−1 ∈ D. Let ∆: G → GL(n,C) be an irreducible matrix
representation with character χ. According to Lemma 2.16, it holds that

ωχ(C)ωχ(D)1n =
∑
c∈C

∆(c)
∑
d∈D

∆(d) =
∑
c∈C

∑
d∈D

∆(cd)
2.15
=

∑
E∈Cl(G)

γCDE
∑
e∈E

∆(e)

=
∑

E∈Cl(G)

γCDEωχ(E)1n.

From the definition of ωχ one obtains

χ(g)χ(h) =
∑

E∈Cl(G)

γCDE |E|
|C||D|

χ(1)χ(e),

where e ∈ E is chosen in each case. Let ρ be the regular character of G. Summing over χ yields

∑
χ∈Irr(G)

χ(g)χ(h) =
∑

E∈Cl(G)

γCDE |E|
|C||D|

∑
χ∈Irr(G)

χ(1)χ(e)
2.15
=

∑
E∈Cl(G)

γCDE |E|
|C||D|

ρ(e) =
γCD{1}|G|
|C||D|

.

Obviously Cl(h) = D−1 = {d−1 : d ∈ D}. If g and h are not conjugate, then C ∩ D−1 = ∅ and
γCD{1} = 0. Otherwise γCD{1} = |C| = |D| and the assertion follows from |G|

|C| = |CG(g)|.

Theorem 2.18. Irr(G) is an orthonormal basis of CF(G). In particular, k(G) = |Irr(G)|.
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Proof. We already know that Irr(G) is linearly independent (Remark 2.13). According to the second
orthogonality relation, for g ∈ C ∈ Cl(G) on the other hand

φC :=
1

|CG(g)|
∑

χ∈Irr(G)

χ(g−1)χ

is the characteristic function on C (i. e. φC(x) is 1 if x ∈ C and 0 otherwise). Since the characteristic
functions form a basis of CF(G), Irr(G) is also a generating set. The orthonormality follows from the
first orthogonality relation.

Remark 2.19.

(i) Every class function f ∈ CF(G) can thus be uniquely written in the form

f =
∑

χ∈Irr(G)

aχχ

with aχ ∈ C. f is a character if and only if aχ ∈ N0 for all χ ∈ Irr(G) and aψ > 0 for at least one
ψ ∈ Irr(G) holds (Remark 2.6(vi)). If aχ = (f, χ)G > 0, then χ is called an irreducible constituent
of f with multiplicity aχ. Furthermore, (f, f)G =

∑
χ a

2
χ holds. In particular, a character χ is

irreducible if and only if (χ, χ)G = 1 holds.

(ii) In general, no canonical bijection between Cl(G) and Irr(G) is known.

3 Character Tables

Remark 3.1. Let g1, . . . , gk ∈ G be representatives for the conjugacy classes of G, and let Irr(G) =
{χ1, . . . , χk}. The k × k-matrix C(G) := (χi(gj))i,j is called the character table of G. Of course, C
depends on the order of the elements and characters. Usually, one chooses g1 = 1, χ1 = 1G and
χ1(1) ≤ χ2(1) ≤ . . . ≤ χk(1). In this chapter, we want to calculate C for some groups. The first
orthogonality relation can be written in the form

k∑
i=1

1

|CG(gi)|
χr(gi)χs(gi) = δrs

(see (2.2)). This thus concerns the rows of C. The second orthogonality relation states that the columns
of C are pairwise orthogonal with respect to the standard inner product of Ck. In particular, C is
invertible.

Definition 3.2. For matrices A = (aij) ∈ Kn×n and B ∈ Km×m, one calls

A⊗B :=

a11B · · · a1nB
...

...
an1B · · · annB

 ∈ Knm×nm

the Kronecker product of A and B.

Lemma 3.3. For A,C ∈ Kn×n and B,D ∈ Km×m, we have (A⊗B)(C ⊗D) = AC ⊗BD.
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Proof.
(A⊗B)(C ⊗D) =

(∑
k

aikBckjD
)
i,j

=
((∑

k

aikckj
)
BD

)
i,j

= AC ⊗BD.

Theorem 3.4. Let ∆: G → GL(n,C) and Γ: H → GL(m,C) be representations of groups G and H
with characters χ and ψ, respectively. Then ∆ ⊗ Γ: G ×H → GL(nm,C), (g, h) 7→ ∆(g) ⊗ Γ(h) is a
representation of G×H with character (χ× ψ)(g, h) := χ(g)ψ(h) for g ∈ G, h ∈ H.

Proof. For g1, g2 ∈ G and h1, h2 ∈ H, we have

(∆⊗ Γ)(g1, h1)(∆⊗ Γ)(g2, h2) = (∆(g1)⊗ Γ(h1))(∆(g2)⊗ Γ(h2))
3.3
= ∆(g1)∆(g2)⊗ Γ(h1)Γ(h2)

= ∆(g1g2)⊗ Γ(h1h2) = (∆⊗ Γ)(g1g2, h1h2).

Therefore, ∆⊗ Γ is a representation of G×H. Let ∆(g) = (aij). Then we have

(χ× ψ)(g, h) = tr(∆(g)⊗ Γ(h)) =

n∑
i=1

tr(aiiΓ(h)) =

n∑
i=1

aii tr(Γ(h))

= tr(∆(g)) tr(Γ(h)) = χ(g)ψ(h).

Theorem 3.5. For finite groups G,H, we have Irr(G×H) = {χ× ψ : χ ∈ Irr(G), ψ ∈ Irr(H)}.

Proof. Let Irr(G) = {χ1, . . . , χn} and Irr(H) = {ψ1, . . . , ψm}. Then

(χi × ψj , χk × ψl)G×H =
1

|G×H|
∑
g∈G

∑
h∈H

χi(g)ψj(h)χk(g)ψl(h)

=
( 1

|G|
∑
g∈G

χi(g)χk(g)
)( 1

|H|
∑
h∈H

ψj(h)ψl(h)
)
= δikδjl.

Thus the characters χi × ψj are irreducible and pairwise distinct. Because of

n∑
i=1

m∑
j=1

(χi × ψj)(1)
2 =

n∑
i=1

χi(1)
2
m∑
j=1

ψj(1)
2 = |G||H| = |G×H|

one has found all irreducible characters of G×H.

Corollary 3.6. If χ and ψ are characters of G, then so is χψ with (χψ)(g) := χ(g)ψ(g) for g ∈ G.

Proof. Let ∆ and Γ be representations of G with character χ and ψ respectively. Then G→ G×G→
GL(χ(1)ψ(1),C), g 7→ (g, g) 7→ (∆⊗ Γ)(g, g) is a representation of G with character χψ.

Remark 3.7. For χ, ψ ∈ Irr(G), χψ is not necessarily irreducible (choose χ(1) = ψ(1) > 1 maximal).

Remark 3.8.

(i) Let C(G) ∈ Cn×n and C(H) ∈ Cm×m be the character tables of G and H respectively. Then
C(G)⊗ C(H) is the character table of G×H given a suitable ordering.
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(ii) Let G be cyclic of order n (we write G ∼= Cn). According to Exercise 2, the character table of G
is given by (e

2πikl
n )n−1

k,l=0 (i =
√
−1). From algebra it is known that every abelian group G is the

direct product of cyclic groups. With Theorem 3.5, the character table of G can thus be easily
calculated.

Example 3.9. Let G := {1, x, y, z (= xy)} ∼= C2 × C2 = C2
2 be the Klein four-group with Irr(G) =

{χ1, . . . , χ4}. Then

(
1 1
1 −1

)
⊗
(
1 1
1 −1

)
=

C2
2 1 x y z

χ1 1 1 1 1
χ2 1 −1 1 −1
χ3 1 1 −1 −1
χ4 1 −1 −1 1

is the character table of G.

Definition 3.10. For x, y ∈ G, [x, y] := xyx−1y−1 is the commutator of x and y. Let

G′ := ⟨[x, y] : x, y ∈ G⟩

be the derived subgroup of G.

Remark 3.11. For α ∈ Aut(G) and x, y ∈ G it is obvious that α([x, y]) = [α(x), α(y)] ∈ G′. In
particular, G′ ⊴G (choose α ∈ Inn(G)). For xG′, yG′ ∈ G/G′ we have

xG′yG′ = xy [y−1, x−1]︸ ︷︷ ︸
∈G′

G′ = yG′xG′,

i. e. G/G′ is abelian. Conversely, if N⊴G with G/N abelian, then [x, y]N = xNyN(xN)−1(yN)−1 = N
for x, y ∈ G, i. e. G′ ⊆ N . Therefore, G′ is the smallest normal subgroup with an abelian factor group.
The next theorem generalizes Theorem 2.2.

Theorem 3.12. The linear characters of G are the inflations of Irr(G/G′).

Proof. Every linear character is a homomorphism χ : G→ C×. In particular, G/Ker(χ) is abelian as a
subgroup of C×, i. e. G′ ⊆ Ker(χ). Thus, deflation yields a ψ ∈ Irr(G/G′) and χ is the inflation of ψ.
Conversely, the inflation of every χ ∈ Irr(G/G′) has degree 1 because of Theorem 2.2.

Example 3.13. The alternating group A4 possesses, with the Klein four-group

V4 := ⟨(1, 2)(3, 4), (1, 3)(2, 4)⟩,

a normal 2-Sylow subgroup. The three involutions (elements of order 2) in V4 are conjugate by a 3-
cycle. According to Sylow, every element in A4 \ V4 is conjugate to x := (1, 2, 3) or x−1. On the other
hand, x and x−1 cannot be conjugate, because otherwise the corresponding cosets in the abelian group
A4/V4 ∼= C3 would also be conjugate. Thus 1, (1, 2)(3, 4), (1, 2, 3) and (1, 3, 2) are representatives for
the conjugacy classes of G. By inflation from A4/V4 one obtains three linear characters χ1, χ2, χ3. For
the remaining character χ4 we have

χ4(1)
2 = |A4| − χ1(1)

2 − χ2(1)
2 − χ3(1)

2 = 9,

14



hence χ4(1) = 3. The missing values of χ4 result from the second orthogonality relation:

A4 1 (1, 2)(3, 4) (1, 2, 3) (1, 3, 2)

χ1 1 1 1 1
χ2 1 1 σ σ−1

χ3 1 1 σ−1 σ
χ4 3 −1 0 0

σ := e2πi/3 = −1

2
+

√
−3

2
.

Lemma 3.14. Let g ∈ G be of order k. For every representation ∆ of G with character χ the following
holds:

(i) χ(g) is the sum of χ(1) many k-th roots of unity.

(ii) |χ(g)| ≤ χ(1).

(iii) |χ(g)| = χ(1) ⇐⇒ ∆(g) ∈ C× id.

(iv) χ(g) = χ(1) ⇐⇒ g ∈ Ker(∆).

Proof.

(i) Let n := χ(1), and let ϵ1, . . . , ϵn ∈ C be the eigenvalues of ∆(g) (with multiplicities). Because of
(∆(g))k = ∆(gk) = ∆(1) = 1n, the ϵi are k-th roots of unity and χ(g) = ϵ1 + . . .+ ϵn.

(ii) We apply the Cauchy-Schwarz inequality to the vectors v := (ϵ1, . . . , ϵn) and w := (1, . . . , 1):

|χ(g)| = |ϵ1 + . . .+ ϵn| = |⟨v, w⟩| ≤ ∥v∥∥w∥ =
√
n
√
n = n. (3.1)

(iii) If equality holds in (3.1), then v and w are linearly dependent and it follows that ϵ := ϵ1 = ϵ2 =
. . . = ϵn. Since ∆(g) is diagonalizable (Exercise 4), the geometric multiplicity of the eigenvalue ϵ
is equal to n, i. e. ∆(g) = ϵ id. Conversely, if ∆(g) ∈ C× id, then |χ(g)| = χ(1) certainly follows.

(iv) If even χ(g) = χ(1), then obviously ϵ = 1 and g ∈ Ker(∆). The converse is also clear here.

Definition 3.15. For a representation ∆ with character χ, we set Ker(χ) := Ker(∆) and

Z(χ) := Z(∆) := {g ∈ G : |χ(g)| = χ(1)}.

One calls Z(χ) the center of χ (resp. ∆).

Example 3.16.

(i) If g ∈ G is an involution and χ is a character of G, then χ(g) ∈ Z and χ(g) ≡ χ(1) (mod 2) by
Lemma 3.14(i).

(ii) Let ∆ be a representation of G with character χ and degree n. For g ∈ G and z ∈ Z(χ), it then
holds that

χ(zg) = tr
(
∆(z)∆(g)

)
= tr

(χ(z)
n

1n∆(g)
)
=
χ(z)

n
tr∆(g) =

χ(z)χ(g)

χ(1)
.

This is useful for completing rows of the character table. Exercise 6 provides a dual statement
for the columns of C(G).
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Theorem 3.17. For every character χ of G, Ker(χ) and Z(χ) are normal subgroups of G. In this
case, Ker(χ) ≤ Z(χ) and Z(χ)/Ker(χ) is cyclic.

Proof. Certainly Ker(χ) ⊴ G and Ker(χ) ⊆ Z(χ). Let ∆: G → GL(V ) be a representation with
character χ. Because of C× idV ⊴GL(V ), Z(χ) = ∆−1(C× idV )⊴G. Furthermore, by the isomorphism
theorem, Z(χ)/Ker(χ) is isomorphic to a finite subgroup H of C× idV ∼= C×. Obviously, H consists
precisely of the |H|-th roots of unity and is therefore cyclic.

Remark 3.18.

(i) In this way, one can often construct normal subgroups, because every normal subgroup is the
kernel of a character (Exercise 10).

(ii) Let Cl(G) = {K1, . . . ,Kk}, gi ∈ Ki and Irr(G) = {χ1, . . . , χk}. Then the matrix Ω := (ωχi(Kj))i,j
differs from the character table C(G) only by scalar multiplication of rows and columns. Therefore,
like C(G), Ω is also invertible.

Theorem 3.19. The character table of G can be calculated from the class multiplication constants.

Proof (Burnside-algorithm). Let Cl(G) = {K1, . . . ,Kn} and γijk := γKiKjKk be the class multipli-
cation constant. Let Ti := (γijk)j,k ∈ Zn×n. Let ∆1, . . . ,∆n be the irreducible representations of G and
ωi := ω∆i for i = 1, . . . , n. As in the proof of Theorem 2.17, it holds that

ωl(Ki)ωl(Kj) =
n∑
k=1

γijkωl(Kk)

for 1 ≤ i, j, l ≤ n. Consequently, el := (ωl(Kk))k ∈ Cn is an eigenvector of Ti with eigenvalue ωl(Ki).2

According to Remark 3.18, {e1, . . . , en} is a basis of Cn. Every eigenspace of Ti is therefore spanned by
some of the el. We intersect these eigenspaces with the eigenspaces of the Tj for j ̸= i. The non-trivial
intersections have the form

Vl := {v ∈ Cn : ∀i : Tiv = ωl(Ki)v} ≤ Cn

for some 1 ≤ l ≤ n (note el ∈ Vl). Let vl ∈ Vl with
∑n

l=1 vl = 0. Then it follows that

n∑
l=1

ωl(Ki)vl = Ti

n∑
l=1

vl = 0

for i = 1, . . . , n. Since the matrix (ωl(Ki))l,i is invertible according to Remark 3.18, it follows that
v1 = . . . = vn = 0 and

∑n
l=1 Vl =

⊕n
l=1 Vl. For dimension reasons, Vl = ⟨el⟩ for l = 1, . . . , n. Because of

ωl(K1) = 1, el can be calculated from Vl. According to the first orthogonality relation, there exists only
one vector el, say e1, which consists only of positive numbers. It belongs to the trivial representation
∆1. From this, the class lengths |Ki| = ω1(Ki) for i = 1, . . . , n are obtained. Because of

n∑
i=1

|ωl(Ki)|2

|Ki|
=

1

χl(1)2

n∑
i=1

|Ki||χl(gi)|2 =
1

χl(1)2

∑
g∈G

|χl(g)|2 =
|G|
χl(1)2

(χl, χl)G =
|G|
χl(1)2

one obtains χl(1) and subsequently also χl(gi) =
χl(1)ωl(Ki)

|Ki| for gi ∈ Ki.

2The eigenvalues of Ti can indeed be calculated, but their assignment to ωl is not unique.
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Remark 3.20. As a rule, one does not need all matrices Ti to calculate the character table. If, for
example, ωl(Ki) as an eigenvalue of Ti has multiplicity 1, then el can be determined directly as a
generator of the eigenspace. Optimizations of this kind lead to the Dixon-Schneider algorithm, which
is frequently used in practice.

Theorem 3.21. Let Cl(G) = {K1, . . . ,Kn} and gi ∈ Ki. Then

γijk =
|Ki||Kj |

|G|
∑

χ∈Irr(G)

χ(gi)χ(gj)χ(gk)

χ(1)

for 1 ≤ i, j, k ≤ n. The class multiplication constants can thus be determined from the character table.

Proof. As in the proof of Theorem 3.19, ωχ(Ki)ωχ(Kj) =
∑n

k=1 γijkωχ(Kk). From this it follows that

|Ki||Kj |
|G|

∑
χ∈Irr(G)

χ(gi)χ(gj)χ(gk)

χ(1)
=

1

|G|
∑

χ∈Irr(G)

ωχ(Ki)ωχ(Kj)χ(1)χ(gk)

=
1

|G|

n∑
l=1

γijl
∑

χ∈Irr(G)

ωχ(Kl)χ(1)χ(gk) =
1

|G|

n∑
l=1

γijl|Kl|
∑

χ∈Irr(G)

χ(gl)χ(gk)
2.17
= γijk.

4 Algebraic integers

Definition 4.1. A number ζ ∈ C is called an algebraic integer , if it is a root of a monic, integral
polynomial, i.e., there exist numbers n ∈ N and a0, . . . , an−1 ∈ Z with ζn+an−1ζ

n−1+. . .+a1ζ+a0 = 0.

Example 4.2.

(i) Integers are obviously algebraic integers and algebraic integers are algebraic.

(ii) Roots of unity are algebraic integers as roots of polynomials of the form Xn − 1.

Lemma 4.3. If α, β ∈ C are algebraic integers, then so are α+β and αβ. (The algebraic integers thus
form a ring.)

Proof. We write

αn = an−1α
n−1 + . . .+ a0,

βm = bm−1β
m−1 + . . .+ b0

(4.1)

with a0, . . . , an−1, b0, . . . , bm−1 ∈ Z. Let S := {αiβj : i = 0, . . . , n − 1, j = 0, . . . ,m − 1} and γ :=
α + β (resp. αβ). For s ∈ S there then exist numbers cst ∈ Z with γs =

∑
t∈S cstt (use (4.1)). For

A := (cst)s,t∈S ∈ Znm×nm and v := (s : s ∈ S) ∈ Cnm, we have Av = γv. Thus γ is a root of the monic,
integral, characteristic polynomial det(X1nm −A).

Remark 4.4. If χ is a character of G, then χ(g) is an algebraic integer for g ∈ G as a sum of roots of
unity (Lemma 3.14).

Lemma 4.5. If ζ ∈ Q is algebraic-integral, then ζ ∈ Z.
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Proof. Let ζ = r
s with r, s ∈ Z and gcd(r, s) = 1. By assumption, there exist a0, . . . , an−1 ∈ Z with

rn

sn
=
an−1r

n−1

sn−1
+ . . .+

a1r

s
+ a0.

Rearranging yields
rn = s(an−1r

n−1 + . . .+ a1rs
n−2 + a0s

n−1).

Thus s | rn. Because of gcd(r, s) = 1, it follows that s = ±1 and ζ ∈ Z.

Lemma 4.6. For C ∈ Cl(G) and χ ∈ Irr(G), ωχ(C) is algebraic-integral.

Proof. As shown in the proof of Theorem 3.19, ωχ(C) is an eigenvalue of an integer matrix T . Thus
ωχ(C) is algebraic-integral as a root of the monic, integer, characteristic polynomial of T .

Theorem 4.7. For χ ∈ Irr(G), χ(1)
∣∣ |G|.

Proof. Let g1, . . . , gk ∈ G be representatives for the conjugacy classes K1, . . . ,Kk of G. According to
the first orthogonality relation, it then holds that

|G|
χ(1)

=
1

χ(1)

∑
g∈G

χ(g)χ(g) =
1

χ(1)

k∑
i=1

|Ki|χ(gi)χ(g−1
i ) =

k∑
i=1

ωχ(Ki)χ(g
−1
i ).

By Lemma 4.6, |G|
χ(1) is algebraic-integral. The claim now follows from Lemma 4.5.

Example 4.8.

(i) Let G be a p-group with |G| ≥ p2. According to Remark 2.15 and Theorem 4.7, it holds that

0 ≡ |G| =
∑

χ∈Irr(G)

χ(1)2 = |G/G′|+
∑

χ∈Irr(G)
χ(1)>1

χ(1)2 ≡ |G/G′| (mod p2)

and |G/G′| ≥ p2. In particular, G is abelian if |G| = p2. By induction on |G|, one obtains that
every p-group is solvable.

(ii) According to Algebra, the alternating group G = A5 is non-abelian and simple. The permutations

1, (1, 2)(3, 4), (1, 2, 3), (1, 2, 3, 4, 5) ∈ G

have pairwise distinct orders and are therefore not conjugate. Let us assume that g := (1, 2, 3, 4, 5)
is conjugate to g2. Let x ∈ G with xgx−1 = g2. Then x2gx−2 = g4 = g−1 and x4gx−4 = g.
Therefore, the order of x must be divisible by 4. However, G possesses no element of order 4.
Thus, g and g2 are not conjugate and k(G) ≥ 5. Let 1G ̸= χ ∈ Irr(G). Because of G′ = G, we
have χ(1) > 1. Let us assume χ(1) = 2. Let g := (1, 2)(3, 4) ∈ G. According to Example 3.13,
χA4 is the sum of two linear characters. But then χ(g) = 2 = χ(1) would hold, in contradiction
to Ker(χ) = 1. Thus χ(1) ≥ 3 holds. For the equation

60 = |G| =
∑

χ∈Irr(G)

χ(1)2 = 1 +
∑
χ̸=1G

χ(1)2.
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there are now two solutions: 60 = 1 + 32 + 32 + 42 + 52 = 1 + 32 + 32 + 32 + 42 + 42. Suppose
the second decomposition is correct (i. e. k(G) = 6). For χ(1) = 3 resp. χ(1) = 4, one obtains
χ(g) = −1 resp. χ(g) = 0 from Example 3.13. This shows∑

χ∈Irr(G)

χ(1)χ(g) = 1− 3− 3− 3 ̸= 0

in contradiction to the second orthogonality relation. Therefore, 1, 3, 3, 4, 5 are the character
degrees of G and k(G) = 5. Since there is only one character of degree 4, it must be real. The
restriction to A4 thus yields the following entries of the character table:

A5 1 (1, 2)(3, 4) (1, 2, 3) (1, 2, 3, 4, 5) (1, 3, 5, 2, 4)

1G 1 1 1 1 1
χ2 3 −1 0
χ3 3 −1 0
χ4 4 0 1
χ5 5 1 −1

We complete the table in Example 5.8 and Example 7.14.

5 Induced characters

Remark 5.1. For H ≤ G and φ ∈ CF(G), the restriction φH : H → C is obviously a class function of
H. Conversely, we construct a class function on G from φ ∈ CF(H).

Definition 5.2. For H ≤ G and φ ∈ CF(H), let

φG : G→ C, x 7→ 1

|H|
∑
g∈G

gxg−1∈H

φ(gxg−1).

One calls φG the class function induced by φ.

Theorem 5.3. For φ ∈ CF(H), we have φG ∈ CF(G).

Proof. For x, y ∈ G we have

φG(yxy−1) =
1

|H|
∑
g∈G

gyxy−1g−1∈H

φ(gyxy−1g−1) =
1

|H|
∑
h∈G

hxh−1∈H

φ(hxh−1) = φG(x).

Remark 5.4.

(i) One easily sees that induction is a linear map from CF(H) to CF(G).

(ii) If |⟨x⟩| is not a divisor of |H|, then no conjugate of x lies in H and it follows that φG(x) = 0. For
N ⊴G, φ ∈ CF(N) and x ∈ G \N , it likewise holds that φG(x) = 0.
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(iii) For H ≤ G, φ ∈ CF(H) and x ∈ G we have

φG(x) =
1

|H|
∑
g∈G

g−1xg∈H

φ(g−1xg) =
1

|H|
∑

gH∈G/H

∑
h∈H

h−1g−1xgh∈H

φ(h−1g−1xgh)

=
1

|H|
∑
h∈H

∑
gH∈G/H
g−1xg∈H

φ(g−1xg) =
∑

gH∈G/H
xgH=gH

φ(g−1xg).

This is useful for practical calculation.

Theorem 5.5. Let K ≤ H ≤ G, φ ∈ CF(G), µ ∈ CF(H) and ν ∈ CF(K). Then

(i) (νH)G = νG (Transitivity).

(ii) φµG = (φHµ)
G

(iii) (φ, µG)G = (φH , µ)H (Frobenius reciprocity).

Proof.

(i) By Remark 5.4(iii) we have

(νH)G(x) =
∑

gH∈G/H
xgH=gH

νH(g−1xg) =
∑

gH∈G/H
xgH=gH

∑
hK∈H/K

g−1xghK=hK

ν(h−1g−1xgh)

=
∑

aK∈G/K
xaK=aK

ν(a−1xa) = νG(x)

for x ∈ G.

(ii) As in (i) we have

(φµG)(x) = φ(x)
∑

gH∈G/H
xgH=gH

µ(g−1xg) =
∑

gH∈G/H
xgH=gH

(φHµ)(g
−1xg) = (φHµ)

G(x)

for x ∈ G.

(iii) We have

(φ, µG)G =
1

|G|
∑
x∈G

φ(x)
∑

gH∈G/H
xgH=gH

µ(g−1xg) =
1

|G|
∑

gH∈G/H

∑
x∈G

g−1xg∈H

φ(g−1xg)µ(g−1xg)

=
1

|G|
∑

gH∈G/H

∑
h∈H

φ(h)µ(h) =
|G : H|
|G|

∑
h∈H

φ(h)µ(h) = (φH , µ)H .

Remark 5.6. Frobenius reciprocity states that restriction and induction are adjoint maps between
CF(G) and CF(H).

Theorem 5.7. For every character ψ of H ≤ G, ψG is a character of G of degree |G : H|ψ(1).
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Proof. We write ψG =
∑

χ∈Irr(G) aχχ with aχ ∈ C. Then

aχ = (χ, ψG)G = (χH , ψ)H ∈ N0,

since χH is a character of H. Thus ψG is a character of G. By definition,

ψG(1) =
1

|H|
∑
g∈G

ψ(1) = |G : H|ψ(1).

Example 5.8.

(i) According to Remark 2.15, 1G1 is the regular character of G. In particular, φG is not necessarily
irreducible if φ is irreducible. If φ is reducible, then φG must also be reducible due to the linearity
of induction.

(ii) Let G := A5 and H := A4. According to Exercise 17, π := (1H)
G is the permutation character

of G on {1, . . . , 5}, because H is the stabilizer of 5. For g ∈ G, π(g) is the number of fixed points
of g. Since G acts transitively, 1G is an irreducible constituent of π with multiplicity 1. Since G
has no irreducible character of degree 2 according to Example 4.8, χ := π − 1G is an irreducible
character of degree 4. One obtains the missing values χ((1, 2, 3, 4, 5)) = −1 = χ((1, 3, 5, 2, 4)). Now
let λ ∈ Irr(H) be a non-trivial linear character and ψ := λG. Because of (ψ,1G)G = (λ,1H)H = 0
and ψ(1) = |G : H|λ(1) = 5, ψ is also irreducible. Because 5 ∤ 12 = |H|, no 5-cycle lies in H.
This shows ψ((1, 2, 3, 4, 5)) = 0 = ψ((1, 3, 5, 2, 4)).

A5 1 (1, 2)(3, 4) (1, 2, 3) (1, 2, 3, 4, 5) (1, 3, 5, 2, 4)

1G 1 1 1 1 1
χ2 3 −1 0
χ3 3 −1 0
χ4 4 0 1 −1 −1
χ5 5 1 −1 0 0

The missing values are calculated in Example 7.14.

6 Applications

Remark 6.1. William Burnside wrote the first book on group theory in 1897. Due to a lack of
applications, the character theory developed by him and Frobenius was not yet mentioned therein.
This changed with his proof of the paqb-theorem. In the preface of the second edition published in
1911, he writes:

Very considerable advances in the theory of groups of finite order have been made since the
appearance of the first edition of this book. In particular the theory of groups of linear sub-
stitutions has been the subject of numerous and important investigations by several writers;
and the reason given in the original preface for omitting any account of it no longer holds
good.

Lemma 6.2. Let χ ∈ Irr(G) and g ∈ C ∈ Cl(G) with gcd(χ(1), |C|) = 1. Then g ∈ Z(χ) or χ(g) = 0.
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Proof. Let α := χ(g)
χ(1) . Because of gcd(χ(1), |C|) = 1, there exist a, b ∈ Z with aχ(1) + b|C| = 1. With

ωχ(C) and χ(g), also

α =
χ(g)

χ(1)

(
aχ(1) + b|C|

)
= aχ(g) + bωχ(C)

is algebraic-integral. Let n := |⟨g⟩|. As a sum of n-th roots of unity, χ(g) lies in the cyclotomic field Qn.
Let G := Gal(Qn|Q). For σ ∈ G, σ(α) is also algebraic-integral, because α and σ(α) are roots of the
same integer polynomial. Therefore, β :=

∏
σ∈G σ(α) is also algebraic-integral (Lemma 4.3). Because

of σ(β) = β for all σ ∈ G, β lies in the fixed field of G, i. e. β ∈ Q, since Q ⊆ Qn is a Galois extension.
According to Lemma 4.5, β ∈ Z. In the case g /∈ Z(χ), we have |α| < 1 (Lemma 3.14). With χ(g), also
σ(χ(g)) is a sum of m := χ(1) many n-th roots of unity ϵ1, . . . , ϵm. It follows

|σ(χ(g))| = |ϵ1 + . . .+ ϵm| ≤ |ϵ1|+ . . .+ |ϵm| = m

and |σ(α)| ≤ 1 for σ ∈ G. Consequently, |β| < 1, i. e. β = 0. Thus α = 0 and χ(g) = 0.

Theorem 6.3. Let G be simple and non-abelian, C ∈ Cl(G) and |C| a power of a prime p. Then
C = {1}.

Proof. We assume C ̸= {1} and choose g ∈ C and χ ∈ Irr(G) \ {1G}. Since G is simple, Ker(χ) = 1.
Since G is non-abelian, also Z(χ) = 1 (Theorem 3.17). In the case p ∤ χ(1), we have χ(g) = 0 according
to Lemma 6.2. Therefore,

∑
χ∈Irr(G)
p |χ(1)

χ(1)

p
χ(g) =

1

p

∑
1G ̸=χ∈Irr(G)

χ(1)χ(g) =
1

p

( ∑
χ∈Irr(G)

χ(1)χ(g)− 1G(1)1G(g)

)
= −1

p
∈ Q \ Z

is algebraic-integral. Contradiction.

Theorem 6.4 (Burnside). Let |G| = paqb with primes p, q and a, b ∈ N0. Then G is solvable.

Proof. Let G be a minimal counterexample and N ◁G. If N ̸= 1, then N and G/N would be solvable
and therefore also G. Thus N = 1 and G is simple and non-abelian. Wlog. let 1 ̸= P ∈ Sylp(G).
According to algebra, there exists g ∈ Z(P ) \ {1}. Let C be the conjugacy class of g. Then

|C| = |G : CG(g)|
∣∣ |G : P | = qb

is a prime power. According to Theorem 6.3, C = {1}. Contradiction.

Remark 6.5. Theorem 6.4 was one of the first applications of representation theory to the study
of finite groups. Meanwhile, a (significantly more difficult) proof is also known that does not require
representation theory.3 However, for Theorem 6.3 and the following theorem, no such proof is known.4

Theorem 6.6 (Frobenius). Let H ≤ G with gHg−1 ∩H = 1 for all g ∈ G \H. Then there exists
N ⊴G with G = HN and H ∩N = 1.

3see Section 10.2 in [H. Kurzweil, B. Stellmacher, Theorie der endlichen Gruppen, Springer, Berlin, 1998]
4see mathoverflow
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Proof (Knapp-Schmid). Let
H∗ :=

(⋃
g∈G

gHg−1
)
\ {1}

and N := G \H∗. By assumption, NG(H) = H, i. e. H has exactly |G : H| conjugates in G. For any
two distinct conjugates xHx−1 and yHy−1, it holds that

xHx−1 ∩ yHy−1 = x(H ∩ x−1yHy−1x)x−1 = 1.

This shows |H∗| = |G : H|(|H| − 1) = |G| − |G : H| and |N | = |G : H|. If we can show that the class
function

ρ : G→ C, g 7→

{
|H| if g ∈ N,

0 if g ∈ H∗

is a character of G, then N = Ker(ρ)⊴G follows. Because of N ∩H = 1, then |HN | = |H||N | = |G|
and G = HN . For χ ∈ Irr(G), we must show (χ, ρ) ∈ N0. First, (ρ,1G) =

|H||N |
|G| = 1 holds. For χ ̸= 1G,

by the first orthogonality relation, it holds that

cχ := (χ, ρ)G =
1

|G|
∑
g∈N

χ(g)|H| = 1

|N |
∑
g∈G

χ(g)− 1

|N |
∑
g∈H∗

χ(g)

= −
∑

g∈H\{1}

χ(g) = χ(1)− |H|(χH ,1H)H ∈ Z.

We can assume cχ ̸= 0. The Cauchy-Schwarz inequality applied to the vectors (χ(g) : g ∈ N) and
(1, . . . , 1) yields

(|N |cχ)2 =
(∑
g∈N

χ(g)
)2

≤ |N |
∑
g∈N

|χ(g)|2.

It follows that

1 = (χ, χ)G =
1

|G|
∑
g∈N

|χ(g)|2 + 1

|G|
∑
g∈H∗

|χ(g)|2 ≥ 1

|H|

(
c2χ +

∑
g∈H\{1}

|χ(g)|2
)
> 0.

Because c2χ − χ(1)2 = (cχ + χ(1))(cχ − χ(1)), on the other hand,

1

|H|

(
c2χ+

∑
g∈H\{1}

|χ(g)|2
)
=

1

|H|
(
c2χ−χ(1)2

)
+ (χH , χH)H = (χH , χH)H − (cχ+χ(1))(χH ,1H)H ∈ Z.

Therefore, equality holds in the Cauchy-Schwarz inequality. This implies χ(g) = χ(1) for all g ∈ N .
Thus cχ = χ(1) > 0 as desired.

Remark 6.7. In the situation of Theorem 6.6 with 1 < H < G, G is called a Frobenius group with
complement H and kernel N .

Example 6.8. Let n ≥ 3 be odd. Then

D2n = ⟨σ, τ : σn = τ2 = 1, τστ = σ−1⟩

is a Frobenius group with complement ⟨τ⟩ and kernel ⟨σ⟩, because σiτσ−i = σ2iτ ̸= τ for i = 1, . . . , n−
1. Further examples are constructed in Exercise 16.

Theorem 6.9 (Taunt). For every p-Sylow subgroup P of G, it holds that G′ ∩ Z(G) ∩ P ≤ P ′.
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Proof. As a subgroup of Z(G), N := G′ ∩ Z(G) ∩ P is a normal subgroup of G. Let λ ∈ Irr(P ) be a
linear character. Since λG(1) = |G : P | is not divisible by p, there exists an irreducible constituent χ
of λG with d := χ(1) ̸≡ 0 (mod p). By Frobenius reciprocity, λ is a constituent of χP . Therefore, λN is
an irreducible constituent of χN . Because N ⊆ Z(G), χN can have no other constituents according to
Exercise 15. This shows χN = dλN . For µ := detχ, it follows that µN = det(χN ) = λdN (Remark 2.6).
Because µ(1) = 1, it holds that N ≤ G′ ≤ Ker(µ) and λdN = 1N . On the other hand, λ(x)|N | =

λ(x|N |) = λ(1) = 1 for all x ∈ N , i. e. λ|N |
N = 1N . We choose a, b ∈ Z with ad+ b|N | = gcd(d, |N |) = 1.

Then λN = (λdN )
a(λ

|N |
N )b = 1N . This shows N ≤ Ker(λ). Theorem 3.12 and Exercise 10 applied to

P/P ′ yield
N ≤

⋂
λ∈Irr(P )
λ(1)=1

Ker(λ) = P ′.

Example 6.10. Let G be a group of cube-free order (i. e. |G| is not divisible by the third power of
a prime number). According to Example 4.8, all Sylow subgroups P of G are abelian. By Taunt, it
follows that G′ ∩ Z(G) ∩ P = 1. Since G′ ∩ Z(G) ∩ P is a Sylow subgroup of G′ ∩ Z(G), it even holds
that G′ ∩ Z(G) = 1.

7 Representations over number fields

Remark 7.1. For the symbolic (i.e., exact) calculation of representations with the computer, it is
necessary to approximate the field C by “smaller” fields.

(i) For the development of character theory so far, we have only used that C has characteristic 0
(Maschke), is algebraically closed (Schur’s Lemma), and that complex conjugation exists (scalar
product).5 All statements therefore also hold for the algebraic closure Q of Q in C (Q is the set
of algebraic numbers). In contrast to C, Q is indeed countable, but infinite-dimensional over Q.

(ii) According to Lemma 3.14, the character values of G lie in the cyclotomic field Q|G|.6 Brauer’s
deep induction theorem7 implies that even every C-representation of G can be realized over Q|G|.
We prove a weaker statement with less effort.

(iii) A number field is a subfield K ⊆ C with |K : Q| = dimQK < ∞. In this case, Q ⊆ K is an
algebraic field extension and K lies in Q. Let x1, . . . , xn ∈ K be a Q-basis of K. Let µi ∈ Q[X]
be the minimal polynomial of xi for i = 1, . . . , n. Then the splitting field L ⊆ C of µ1 . . . µn is
a Galois extension over Q with K ⊆ L. We can therefore assume, if necessary, that K itself is a
Galois extension. As is well known, Q ⊆ Qn is a Galois extension for all n ∈ N (we have already
used this in the proof of Lemma 6.2).

Theorem 7.2. For every finite group G, there exists a number field K such that every C-representation
of G is similar to a K-representation.

Proof. Let ψ1, . . . , ψk be the characters of the irreducible Q-representations up to similarity. As in The-
orem 2.18, {ψ1, . . . , ψk} is an orthonormal basis of CF(G) and k = k(G). Since every Q-representation

5We have not used that C is closed as a normed space.
6Even Qexp(G) with exp(G) := lcm(|⟨g⟩| : g ∈ G).
7see Theorem 6.7 in Character theory
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is also a C-representation, we have
ψi =

∑
χ∈Irr(G)

ai,χχ

for 1 ≤ i ≤ k and certain ai,χ ∈ N0. From 1 = (ψi, ψi)G =
∑

χ∈Irr(G) a
2
i,χ it follows that ψi ∈ Irr(G)

and Irr(G) = {ψ1, . . . , ψk}. Every (irreducible) C-representation is thus similar to a Q-representation
∆ (Theorem 2.14). The entries of ∆(g) for g ∈ G are algebraic numbers, they thus lie in a number
field K. We can choose K large enough such that every (irreducible) Q-representation has entries in
K.

Definition 7.3. A representation over a number field K is called absolutely irreducible, if it is irre-
ducible as a C-representation. If all irreducible K-representations are absolutely irreducible, then K is
called a splitting field of G.

Example 7.4.

(i) According to Theorem 7.2, every group possesses a splitting field with finite degree over Q.
According to Theorem 2.2, Qn is a splitting field of every abelian group of order n. One can show
that Q is a splitting field of the symmetric groups (without proof, cf. Exercise 19).

(ii) The companion matrix B :=
(
0 −1
1 −1

)
of the cyclotomic polynomial Φ3 = X2 + X + 1 has order

3. Since the eigenvalues of B are irrational, the embedding ∆: ⟨B⟩ ↪→ GL(2,Q) is an irreducible
Q-representation. Since the degree of ∆ does not divide the group order, ∆ cannot be absolutely
irreducible (this also follows from Theorem 2.2).

Lemma 7.5. Let n, k ∈ N and kZn ≤ A ≤ Zn. Then A ∼= Zn.

Proof. Induction on n: In the case n = 1, A = dZ ∼= Z with d | k. Now let n ≥ 2. Let π : A → Z,
(a1, . . . , an) 7→ an be the projection onto the n-th coordinate. Let

B := {(a1, . . . , an−1) ∈ Zn−1 : (a1, . . . , an−1, 0) ∈ A} ∼= Ker(π).

Then kZn−1 ≤ B ≤ Zn−1 holds. By induction it follows that Ker(π) ∼= B ∼= Zn−1. Since A/Ker(π) ∼=
π(A) ≤ Z is cyclic, there exists a = (a1, . . . , an) ∈ A with A = ⟨a⟩ + Ker(π). Because of kZn ≤ A,
an ̸= 0. For allm ∈ Z\{0},ma /∈ Ker(π) therefore holds. Thus ⟨a⟩∩Ker(π) = 0 and A = ⟨a⟩⊕Ker(π) ∼=
Zn.

Theorem 7.6 (Minkowski). Every finite subgroup G of GL(n,Q) is conjugate to a subgroup of
GL(n,Z). Furthermore, for every prime p > 2, G is isomorphic to a subgroup of GL(n, p).

Proof. Obviously M :=
∑

g∈G gZn ⊆ Qn is an abelian group containing Zn = 1Zn. If k is the lcm of all
denominators of matrix entries from all g ∈ G, then kZn ⊆ kM ⊆ Zn holds. According to Lemma 7.5,
M ∼= kM ∼= Zn. Let γ : Zn →M be a corresponding isomorphism of abelian groups. Since Zn contains
the standard basis of Qn, γ can be (uniquely) extended to an isomorphism γ : Qn → Qn of Q-vector
spaces. For g ∈ G we have

(γ−1gγ)(Zn) = (γ−1g)(M) = γ−1(M) = Zn.

An evaluation at the standard basis shows γ−1Gγ ≤ GL(n,Z).
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For the second assertion, we can assume G ≤ GL(n,Z). It suffices to show that

Γ: G→ GL(n, p), (aij) 7→ (aij + pZ),

is injective. In the case Ker(Γ) ̸= 1, there exists a g ∈ Ker(Γ) of prime order q. Let g = 1n + dA with
d ∈ Z and A ∈ Zn×n with coprime entries. Because of g ≡ 1n (mod p), we have p | d. According to the
binomial formula,

1n = gq = (1n + dA)q = 1n + qdA+
q(q − 1)

2
d2A2 + . . .+ dqAq,

−qA =
q(q − 1)

2
dA+ . . .+ dq−1Aq ≡ 0 (mod p).

This shows q = p. Because of p > 2, one obtains the contradiction

−A =
p− 1

2
dA+ . . .+

dp−1

p
Ap ≡ 0 (mod p).

Corollary 7.7. For every n ∈ N, GL(n,Q) has, up to isomorphism, only finitely many finite subgroups.

Proof. For every finite subgroup G ≤ GL(n,Q), we have |G| ≤ |GL(n, 3)| ≤ 3n
2 according to Theo-

rem 7.6.

Remark 7.8. In Corollary 13.15 we will show that there are in fact only finitely many conjugacy
classes of finite subgroups in GL(n,Q).

Example 7.9.

(i) The companion matrix
(
0 −1
1 1

)
∈ GL(2,Z) of Φ6 = X2−X+1 has order 6. Because of GL(2, 2) ∼=

S3, Theorem 7.6 cannot hold for p = 2 (cf. Exercise 31).

(ii) Let G ≤ GL(n,Q). For n = 1 it is obvious that G ≤ ⟨−1⟩. As is well known,

|GL(n, p)| = (pn − 1)(pn − p) . . . (pn − pn−1)

holds for every prime p. For n = 2 and p = 3 one obtains |G|
∣∣ 48. According to Exercise 9,

Q8
∼=
〈( 0 1

−1 0

)
,

(
1 1
1 −1

)〉
≤ SL(2, 3)

is, however, not conjugate to any subgroup of GL(2,Q). Since SL(2, 3) is the only subgroup of
order 24 in GL(2, 3) (without proof), it holds that |G| ∈ {1, 2, 3, 4, 6, 8, 12}. With the matrix from
(i), it holds that

D12
∼=
〈(0 −1

1 1

)
,

(
0 1
1 0

)〉
≤ GL(2,Z).

According to Example 1.4, D8 is also isomorphic to a subgroup of GL(2,Z).

(iii) An n×n-matrix of the form (ϵiδiπ(j))i,j with π ∈ Sn and ϵ1, . . . , ϵn ∈ {±1} is called a generalized
permutation matrix . The generalized permutation matrices form a subgroup M ≤ GL(n,Z) of
order 2nn!. Feit has shown that for n ≥ 11 there is no larger subgroup and every subgroup of
order 2nn! is conjugate to M .
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(iv) With Cn and D2n for n ∈ N, GL(2,R) possesses infinitely many finite subgroups (Example 1.4).
According to Exercise 32, these are, up to conjugation, the only such subgroups.

(v) For G ≤ GL(n,C) there exists an abelian normal subgroup A⊴G such that |G : A| is bounded
by a function in n (Jordan’s theorem). For n ≥ 71 it specifically holds that |G : A| ≤ (n + 1)!
with equality for G = Sn+1 (Exercise 18).

(vi) Minkowski’s theorem cannot be generalized to number fields: Feit has shown that Q8 is iso-
morphic to a subgroup of GL(2,Q(

√
−35)), but not to a subgroup of GL(2, R), where R =

Z[(1 +
√
−35)/2] is the ring of integers of Q(

√
−35).8 To show that Corollary 7.7 holds for num-

ber fields, we first generalize the complex conjugation of characters.

Theorem 7.10. Let G be a group of order n. Let ζ := e2πi/n ∈ Qn and σ ∈ G := Gal(Qn|Q) with
σ(ζ) = ζk. Then:

(i) By σCl(g) := Cl(gk) for g ∈ G, G acts on Cl(G).

(ii) By (σχ)(g) := σ(χ(g)) = χ(gk) for g ∈ G and χ ∈ Irr(G), G acts on Irr(G).

Proof.

(i) Because gcd(k, n) = 1, there exists k′ ∈ Z with kk′ ≡ 1 (mod n). Therefore G→ G, g 7→ gk is a
bijection with inverse map g 7→ gk

′ . For g, h, x ∈ G it holds that g = xhx−1 ⇐⇒ gk = xhkx−1.
Thus σC ∈ Cl(G) for all C ∈ Cl(G). For τ ∈ G with τ(ζ) = ζ l it holds that

στCl(g) = Cl(gkl) = σ(Cl(gl)) = σ(τCl(g)).

Thus G acts on Cl(G).

(ii) Let K be a number field as in Theorem 7.2 and ∆: G→ GL(d,K) a representation with character
χ. According to Remark 7.1 we can assume that Q ⊆ K is a Galois extension containing Qn.
Because of

|Gal(K|Q)/Gal(K|Qn)| =
|K : Q|
|K : Qn|

= |Qn : Q|

the restriction Gal(K|Q) → Gal(Qn|Q) is surjective. Let σ̂ ∈ Gal(K|Q) with σ̂|Qn = σ. Applying
σ̂ to matrix entries yields an automorphism of GL(d,K). Thus σ̂ ◦ ∆: G → GL(d,K) is an
irreducible K-representation with character

g 7→ tr
(
σ̂(∆(g))

)
= σ(tr∆(g)) = σ(χ(g))

for g ∈ G. Let ζa1 , . . . , ζad ∈ Qn be the eigenvalues of ∆(g). Then it holds that

χ(gk) = tr∆(gk) = ζa1k + . . .+ ζadk = σ(ζa1 + . . .+ ζad) = σ(χ(g))

(cf. Exercise 5). One easily sees that (σ, χ) 7→ σχ defines an action.

Corollary 7.11. If χ ∈ Irr(G) is the only irreducible character of degree d, then χ is integer-valued.

Proof. For σ ∈ G it holds that σχ = χ. Therefore the values of χ lie in the fixed field Q of G, since
Q ⊆ Qn is a Galois extension. As algebraic integers, the values of χ are integers.

8R is the set of algebraic integers in Q(
√
−35).
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Remark 7.12.

(i) Conjugacy classes or characters that lie in the same orbit under G are called Galois conjugate.

(ii) Since G is abelian, one also obtains an action via σCl(g) := Cl(gk
′
) with kk′ ≡ 1 (mod n). Then

(σχ)(σg) = χ(g) holds.

(iii) The natural action of Aut(G) on G (i. e. the embedding Aut(G) ↪→ Sym(G)) induces actions of
Aut(G) on Cl(G) and Irr(G). For α ∈ Aut(G), χ ∈ Irr(G) and g ∈ G, we have αCl(g) := Cl(α(g))
and (αχ)(g) = χ(α−1(g)). Again, one obtains (αχ)(αg) = χ(g). Since Inn(G) lies in the kernel
of both actions, it suffices to consider the actions of the outer automorphism group Out(G) :=
Aut(G)/Inn(G).

(iv) The actions of G and Out(G) cause permutations of the rows and columns of the character table
of G. The next result implies that rows and columns cannot be permuted independently.

Theorem 7.13 (Brauer’s Permutation Lemma). Let G,H be finite groups such that G acts on Cl(H)
and Irr(H). For all g ∈ G, h ∈ H and χ ∈ Irr(H), let (gχ)(gCl(h)) = χ(h). Then the cycle types of g
in Sym(Cl(H)) and Sym(Irr(H)) coincide. In particular,∣∣{C ∈ Cl(H) : gC = C}

∣∣ = ∣∣{χ ∈ Irr(H) : gχ = χ}
∣∣

holds for all g ∈ G.

Proof. Let Cl(H) = {K1, . . . ,Kk} and Irr(H) = {χ1, . . . , χk}. Let X := (χi(Kj))i,j be the character
table of H. Let g ∈ G be fixed. The action of g on Irr(H) (resp. Cl(H)) is described by multiplication
with a permutation matrix P = (δiσ(j)) (resp. Q = (δiτ(j)) from the left (resp. right):

PX =
( k∑
l=1

δiσ(l)χl(Kj)
)
i,j

=
(
χσ−1(i)(Kj)

)
i,j

=
(
g−1

χi(Kj)
)
i,j

=
(
χi(

gKj)
)
i,j

=
(
χi(Kτ(j))

)
i,j

=
( k∑
l=1

χi(Kl)δlτ(j)

)
i,j

= XQ.

According to the second orthogonality relation, X is invertible. It follows that P = XQX−1, i. e. P
and Q are similar. Let (l1, . . . , ln) be the cycle type of P . From Exercise 14, one obtains the eigenvalues
of P : {

e2πij/ls : s = 1, . . . , n, j = 0, . . . , ls − 1
}

(with multiplicities). Since P and Q have the same eigenvalues, (l1, . . . , ln) is also the cycle type of Q.
The last assertion is obtained by counting cycles of length one.

Example 7.14.

(i) Let |G| be odd. Suppose there exist g, x ∈ G with xgx−1 = g−1. Then x2gx−2 = g. Since n := |⟨x⟩|
is odd by Lagrange, there exist a, b ∈ Z with an+ 2b = 1. It follows

g−1 = xan+2bgx−an−2b = x2bgx−2b = g = 1.

Therefore g = 1 is the only fixed point of the map Cl(G) → Cl(G), Cl(g) 7→ Cl(g−1). By Brauer’s
permutation lemma, 1G is the only fixed point of the map Irr(G) → Irr(G), χ 7→ χ. We choose
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χ1, . . . , χs ∈ Irr(G) with Irr(G) = {1G, χ1, . . . , χs, χ1, . . . , χs}. Because of χi(1)
∣∣ |G|, it holds

that χi(1)2 ≡ 1, 9 (mod 16) and 2χi(1)
2 ≡ 2 (mod 16). This shows

|G| = 1 +

s∑
i=1

(
χi(1)

2 + χi(1)
2
)
≡ 1 + 2s ≡ k(G) (mod 16).

(ii) In Example 5.8 we had constructed an (integer) part of the character table of G = A5. Let
g = (1, 2, 3, 4, 5) ∈ G. Because of (2, 5)(3, 4)g(2, 5)(3, 4) = (1, 5, 4, 3, 2) = g−1, the entire character
table of G is real. By Brauer’s permutation lemma, there exist two Galois-conjugate characters
χ, ψ ∈ Irr(G) (of the same degree) with values in Q5. It must hold that χ(1) = ψ(1) = 3.
Since χ(g) is a sum of three 5-th roots of unity, wlog. χ(g) = 1 + ζ + ζ−1 = 1+

√
5

2 and ψ(g) =

1 + ζ2 + ζ−2 = 1−
√
5

2 with ζ = e2πi/5. 9

A5 1 (1, 2)(3, 4) (1, 2, 3) (1, 2, 3, 4, 5) (1, 3, 5, 2, 4)

1G 1 1 1 1 1

χ2 3 −1 0 1+
√
5

2
1−

√
5

2

χ3 3 −1 0 1−
√
5

2
1+

√
5

2
χ4 4 0 1 −1 −1
χ5 5 1 −1 0 0

Theorem 7.15 (Schur). Let χ be a faithful character of G with values in a number field K. Then
|G| is bounded by a function in χ(1) and |K : Q|.

Proof. According to Lemma 3.14, we can assume K ⊆ Qn with n = |G|. Since Gal(Qn|Q) is abelian,
Gal(Qn|K)⊴Gal(Qn|Q) holds. According to the Fundamental Theorem of Galois Theory, Q ⊆ K is a
Galois extension. Let Gal(K|Q) = {σ1, . . . , σk} with k := |K : Q| and d := χ(1). Then

ψ :=
k∑
i=1

σiχ

is a character of degree dk with values in Q. As algebraic integers, the values of ψ even lie in Z.
According to Lemma 3.14, |ψ(g)| ≤ dk holds for all g ∈ G. Therefore, ψ takes at most 2dk + 1 many
values, say dk = x0, . . . , xs with s ≤ 2dk. Let mi := |{g ∈ G : ψ(g) = xi}| for 0 ≤ i ≤ s. Since χ is
faithful, ψ is also faithful (Exercise 10). This shows m0 = 1 according to Lemma 3.14. Since ψl is a
character, it holds that

s∑
i=0

mix
l
i =

∑
g∈G

ψ(g)l = |G|(ψl,1G)G ≡ 0 (mod |G|)

for l = 0, 1, . . .. Thus v = (m0, . . . ,ms) is a solution of the system of equations Av ≡ 0 (mod |G|)
with integer Vandermonde matrix A := (xij)

s
i,j=0. Multiplication with the adjugate matrix of A shows

det(A)v ≡ 0 (mod |G|). Evaluation at the first coordinate yields

0 ̸=
∏

0≤i<j≤s
(xj − xi) = m0 det(A) ≡ 0 (mod |G|).

In particular,
|G| ≤

∏
i<j

|xj − xi| ≤ (2dk)(
s+1
2 ) ≤ (2dk)(

2dk+1
2 ).

9These values can also be calculated using the second orthogonality relation.
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Corollary 7.16. For n ∈ N and every number field K, GL(n,K) possesses only finitely many finite
subgroups up to isomorphism.

Proof. One applies Theorem 7.15 to the character of an embedding G→ GL(n,K).

8 Algebras

Remark 8.1. In the next four chapters, we introduce ring-theoretic concepts that are useful for the
study of representations over fields with positive characteristic. For this, let K be an arbitrary field.

Definition 8.2. An algebra over K (briefly a K-algebra) is a ring A (with identity) and at the same
time a finite-dimensionalK-vector space, such that the scalar multiplication and the ring multiplication
are compatible, i. e.,

λ(ab) = (λa)b = a(λb)

holds for all λ ∈ K and a, b ∈ A. One calls A a division algebra if A× = A \ {0} holds, i. e., every
element different from 0 is invertible.

• A subalgebra of a K-algebra A is a subring of A which is at the same time a K-vector space. One
can identify K with the subalgebra K1A of A.

• A homomorphism of K-algebras A and B is a ring homomorphism A→ B which is at the same
time K-linear. As usual, one defines epi-, mono-, iso- and automorphisms of algebras.

Example 8.3.

(i) If K ⊆ L is a finite field extension, then L is a K-algebra, where ring and scalar multiplication
are identical.

(ii) For φ ∈ K[X] \K, A := K[X]/(φ) is a commutative K-algebra with dimA = degφ.

(iii) For every K-algebra A, the center Z(A) := {a ∈ A : ∀b ∈ A : ab = ba} is a commutative
subalgebra.

(iv) If A1, . . . , An are algebras over K, then so is the direct product A1 × . . .×An.

(v) If A is a K-algebra and n ∈ N, then An×n is also a K-algebra. In particular, Kn×n is a K-algebra.

(vi) If one replaces the multiplication of an algebra A by a ∗ b := ba, one obtains the opposite algebra
Ao. The transposition provides an isomorphism φ : (An×n)o ∼= (Ao)n×n, a 7→ at, because

φ(a ∗ b) = φ(ba) = (ba)t =
( n∑
k=1

bjkaki

)
i,j

=
( n∑
k=1

aki ∗ bjk
)
i,j

= at ∗ bt = φ(a) ∗ φ(b)

for a, b ∈ A. For algebras A,B, the identity is an isomorphism (A×B)o → Ao ×Bo.

(vii) A commutative division algebra is a field. Wedderburn has shown that every finite division
algebra is a field.

(viii) Every skew field R is a Z(R)-division algebra, because Z(R) is a field in this case.

Lemma 8.4. Every division algebra over an algebraically closed field K is isomorphic to K.
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Proof. Let D be a K-division algebra and x ∈ D. Then the powers 1D, x, x2, . . . are linearly dependent
overK. Therefore, there exists a monic polynomial α ∈ K[X]\K with α(x) = 0. SinceK is algebraically
closed, α splits into linear factors, say α = (X − λ1) . . . (X − λn) with λ1, . . . , λn ∈ K. As a division
algebra, D has no zero divisors. From α(x) = 0 it follows that x = λi1D for some i ∈ {1, . . . , n}.
Therefore D = K1D ∼= K.

Definition 8.5. Let A be a K-algebra.

(i) An ideal of A is a non-empty subset I ⊆ A with x− y, ax, xa ∈ I for all x, y ∈ I and a ∈ A. One
then writes I ⊴A or I ◁A, if I is a proper ideal, i. e. I ̸= A.

(ii) One calls A simple, if {0} and A are the only ideals of A. As usual, we use the notation 0 := {0}
for the zero ideal.

(iii) For I, J ⊴A, also I + J := {x+ y : x ∈ I, y ∈ J}, I ∩ J and

IJ :=
{ n∑
i=1

xiyj : n ∈ N, x1, . . . , xn ∈ I, y1, . . . , yn ∈ J
}

are ideals of A. Here IJ ⊆ I ∩ J ⊆ I ∪ J ⊆ I + J holds.

(iv) For I ⊴ A let I0 := A and In+1 := InI for n ∈ N0. One calls I nilpotent , if an n with In = 0
exists.

Example 8.6.

(i) Let f : A→ B be a homomorphism of algebras. For J ⊴B, the preimage f−1(J)⊴A. For I ⊴A,
on the other hand, f(I) is usually not an ideal of B.

(ii) Every division algebra is simple.

(iii) Let 0 ̸= I ⊴ A := Kn×n and x = (xij) ∈ I with xst ̸= 0. Let Est ∈ A be the matrix with a 1 at
position (s, t) and zeros elsewhere. Then Eij = x−1

st EisxEtj ∈ I for all 1 ≤ i, j ≤ n. This shows
I = A. Thus A is simple, but not a division algebra for n ≥ 2.

(iv) Let A ⊆ Kn×n be the subalgebra of all upper triangular matrices. The triangular matrices with
zeros on the main diagonal form a nilpotent ideal I ⊴A with In = 0 ̸= In−1.

Remark 8.7. Let I ⊴ A, x ∈ I and λ ∈ K. Then λx = (λ1A)x ∈ I holds. Therefore I is a K-vector
space. As is well known, A/I is a ring and thus also a K-algebra.

Theorem 8.8.

(i) (Homomorphism Theorem) For every homomorphism f : A → B of algebras, Ker(f) ⊴ A and
f(A) is a subalgebra of B. Furthermore,

A/Ker(f) ∼= f(A)

is an isomorphism of algebras.

(ii) (1st Isomorphism Theorem) Let B be a subalgebra of A and I ⊴A. Then B+ I is a subalgebra of
A, I ⊴B + I, B ∩ I ⊴B and

B/(B ∩ I) ∼= (B + I)/I.
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(iii) (Correspondence Theorem) Let I ⊴A. Then the map {J ⊴A : I ⊆ J} → {L⊴A/I}, J 7→ J/I is
a bijection.

(iv) (2nd Isomorphism Theorem) Let I, J ⊴A with I ⊆ J . Then

(A/I)/(J/I) ∼= A/J.

Proof. According to algebra, the map F : A/Ker(f) → f(A), aKer(f) 7→ f(a) is at least a ring isomor-
phism. Obviously, F is also K-linear and thus an isomorphism of algebras. The isomorphism theorems
are applications of the homomorphism theorem and therefore also hold for algebras. This also includes
the well-definedness of the map f(J) = J/I from the correspondence theorem. Since J is the union
of the cosets J/I, f is injective. Now let L ⊴ A/I and π : A → A/I, a 7→ a + I be the canonical
epimorphism. Then J := π−1(L)⊴A with I ⊆ J and f(J) = J/I = π(J) = L.

Lemma 8.9. If I, J ⊴A are nilpotent, then so is I + J .

Proof. Let n ∈ N with In = Jn = 0. Every element of (I+J)2n has the form z := (x1+y1) . . . (x2n+y2n)
with x1, . . . , x2n ∈ I and y1, . . . , y2n ∈ J . By multiplying out, one obtains a sum of terms of the form
z1 . . . z2n with z1, . . . , z2n ∈ I ∪ J . Wlog. at least n many of the zi lie in I. Then z1 . . . z2n ∈ In = 0.
This shows z = 0 and (I + J)2n = 0.

Definition 8.10. Let A be an algebra.

(i) The sum J(A) of all nilpotent ideals of A is called the (Jacobson) radical of A. For dimension
reasons, J(A) is already the sum of finitely many nilpotent ideals. According to Lemma 8.9, J(A)
is thus the largest nilpotent ideal of A.

(ii) A is called semisimple, if J(A) = 0 holds.

(iii) A is called local , if A/J(A) is a division algebra.

Example 8.11.

(i) Because of 1 ∈ An for all n ∈ N, J(A) ̸= A. Every simple algebra is thus semisimple. On the
other hand, K ×K is semisimple, but not simple, because K × 0⊴K ×K. Note:

field =⇒ division algebra =⇒ simple =⇒ semisimple

(ii) If A is local, then J(A) is a maximal ideal of A according to the correspondence theorem. In this
respect, local is the opposite of semisimple.

(iii) Let A ⊆ Kn×n be the algebra of upper triangular matrices with n ≥ 2. Then J(A) consists of
the triangular matrices with zeros on the main diagonal. The epimorphism A → Kn, (aij) 7→
(a11, . . . , ann) has kernel J(A). In particular, A/J(A) ∼= Kn is not a division algebra. Thus A is
neither semisimple nor local.

(iv) The algebra A := K[X]/(X2) is local with J(A) = (X)/(X2) and A/J(A) ∼= K[X]/(X) ∼= K.

Lemma 8.12. For algebras A,B and n ∈ N the following holds:

(i) A/J(A) is semisimple.
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(ii) Z(A×B) = Z(A)× Z(B).

(iii) J(A×B) = J(A)× J(B).

(iv) Z(An×n) = Z(A)1n ∼= Z(A).

(v) J(An×n) = J(A)n×n.

Proof.

(i) According to the correspondence theorem, there exists an ideal I ⊴A with I/J(A) = J(A/J(A)).
There exist n,m ∈ N with J(A)n = 0 and Im ⊆ J(A). Therefore Inm = 0 and I = J(A).

(ii) For (a, b) ∈ A×B we have

(a, b) ∈ Z(A×B) ⇐⇒ ∀x ∈ A, y ∈ B : (xa, yb) = (x, y)(a, b) = (a, b)(x, y) = (ax, by)

⇐⇒ (a, b) ∈ Z(A)× Z(B).

(iii) We identify A with A× 0 and B with B × 0. Obviously, J(A) and J(B) are then nilpotent ideals
of A × B. This shows J(A) × J(B) = J(A) + J(B) ⊆ J(A × B) =: J . For (a, b) ∈ J , we have
(a, 0) = (a, b)(1, 0) ∈ J ∩ A and (0, b) ∈ J ∩ B. Since J ∩ A and J ∩ B are nilpotent ideals of A
and B respectively, it follows

(a, b) = (a, 0) + (0, b) ∈ J ∩A+ J ∩B ⊆ J(A)× J(B).

Thus J ⊆ J(A)× J(B) holds.

(iv) Certainly Z(A)1n ⊆ Z(An×n). Conversely, let M = (aij) ∈ Z(An×n). Then

(δjtais)i,j =
( n∑
k=1

aikδksδjt

)
i,j

=MEst = EstM =
( n∑
k=1

δisδktakj

)
i,j

= (δisatj)i,j

for all 1 ≤ s, t ≤ n and it follows M ∈ A1n. Certainly M ∈ Z(A1n) = Z(A)1n also holds.

(v) Let J := J(A). An induction on k shows (Jn×n)k ⊆ (Jk)n×n. Thus Jn×n is nilpotent and
Jn×n ⊆ J(An×n). Conversely, let a = (aij)i,j ∈ J(An×n). Let I = (ast)⊴A be the ideal generated
by ast. Then

IE11 ⊆ (E1saEt1) ⊆ J(An×n).

Since J(An×n) is nilpotent, I must also be nilpotent. This shows ast ∈ I ⊆ J and J(An×n) ⊆
Jn×n.

Definition 8.13. An element e of an algebra A is called

• idempotent , if e2 = e holds.

• nilpotent , if en = 0 holds for some n ∈ N.

Example 8.14.

(i) In every algebra A, 0 and 1 are idempotents.

(ii) If e ∈ A is an idempotent, then so is 1− e, because (1− e)2 = 1− e− e+ e2 = 1− e. For a ∈ A×,
aea−1 is also an idempotent, because (aea−1)2 = aea−1aea−1 = ae2a−1 = aea−1.
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(iii) The matrices of the form Eii are idempotents in Kn×n.

(iv) Obviously, J(A) consists of nilpotent elements. On the other hand, E12 ∈ K2×2 is nilpotent, but
J(K2×2) = 0.

Lemma 8.15 (Lifting of units/idempotents). Let A be an algebra and I ⊴A nilpotent. Then:

(i) If e+ I ∈ (A/I)× is a unit, then so is e ∈ A×.

(ii) For every idempotent e ∈ A/I, there exists an idempotent e ∈ A with e+ I = e.

Proof (Koh).

(i) Let a ∈ A with ea ≡ 1 (mod I) and b := 1 − ea ∈ I. Since I is nilpotent, there exists an n ∈ N
with bn = 0. This shows

e · a
n−1∑
k=0

bk = (1− b)

n−1∑
k=0

bk = 1− bn = 1.

An analogous calculation with 1− ae yields e ∈ A×.

(ii) Let a ∈ A be arbitrary with a + I = e. Then (1 − a)a = a − a2 ∈ I. Since I is nilpotent, there
exists an n ∈ N with (1− a)nan = ((1− a)a)n = 0. Let

e :=

n∑
i=0

(
2n

i

)
(1− a)ia2n−i, f :=

2n∑
i=n+1

(
2n

i

)
(1− a)ia2n−i.

Then

e+ f =
2n∑
i=0

(
2n

i

)
(1− a)ia2n−i = ((1− a) + a)2n = 1.

Because a2n−i(1− a)j = 0 for 0 ≤ i ≤ n and n+ 1 ≤ j ≤ 2n, it follows that ef = 0. This shows
e = e(e+ f) = e2 + ef = e2 and e ≡ a2n ≡ a (mod I).

9 Modules

Remark 9.1. In this chapter, we investigate “vector spaces” over algebras instead of fields. Unlike in
linear algebra, in this situation bases do not exist in general (see Example 9.3). Even if bases exist,
they do not have to be of the same size. The theory thereby becomes more complicated, but also richer.
Let A always be a K-algebra.

Definition 9.2. An A-module is a finite-dimensionalK-vector spaceM with an operation A×M →M ,
(a,m) 7→ am such that for a, b ∈ A, m,n ∈M and λ ∈ K:

• a(m+ n) = am+ an.

• (a+ b)m = am+ bm.

• (ab)m = a(bm).

• 1Am = m.

• λm = (λ1A)m
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Example 9.3.

(i) The trivial A-module 0 := {0}.

(ii) If A is a field, then the A-modules are exactly the A-vector spaces.

(iii) Through the ordinary multiplication A×A→ A, (a, b) 7→ ab, A becomes an A-module, which is
called the regular A-module.

(iv) For A-modules M,N , M ×N is also an A-module.

(v) For n,m ∈ N, Kn×m is a Kn×n-module with respect to matrix multiplication. In particular,
Kn := Kn×1 is a Kn×n-module. For every x ∈ Kn and A := Kn×n, Ax = Kn holds (linear
algebra), i. e. {x} is a generating set of Kn. On the other hand, there exists an a ∈ A \ {0} with
ax = 0, i. e. {x} is linearly dependent. This shows that Kn has no basis as an A-module.

Remark 9.4. Let M be an A-module, a ∈ A and m ∈M . Then, as in linear algebra, it holds that

a0M = a(0M + 0M ) = a0M + a0M = 0M ,

0Am = (0A + 0A)m = 0Am+ 0Am = 0M .

Definition 9.5.

• A subset N of an A-module M is called a submodule of M if N with the restricted operations is
itself an A-module. As with groups, we then write N ≤M or N < M if N ̸=M .

• If 0 and M ̸= 0 are the only submodules, then M is called simple.

Example 9.6.

(i) As usual, intersections and sums of submodules are again submodules.

(ii) Let A = Kn×n and M = Kn. For x, y ∈ M \ {0}, there exists an a ∈ A with ax = y (linear
algebra). Therefore, M is a simple A-module. In contrast to vector spaces, simple modules are
thus not necessarily 1-dimensional.

(iii) For A-modules N ≤M , the quotient space M/N is also an A-module with a(m+N) := am+N
for a ∈ A, m+N ∈M/N .

(iv) For submodules U, V,W ≤M with U ≤W , the Dedekind identity holds:

U + (V ∩W ) = (U + V ) ∩W.

Definition 9.7. A map f : M → N for A-modules M,N is called a homomorphism (or A-linear) if
f(ax + y) = af(x) + f(y) holds for a ∈ A and x, y ∈ M . The set of all homomorphisms is denoted
by HomA(M,N). As usual, one defines mono-, epi-, endo-, iso- and automorphisms. Deviating from
groups and algebras, we write M ≃ N or more precisely M ≃A N for the isomorphism of modules.

Remark 9.8.

(i) Let f : M → N be a homomorphism of A-modules. For m ∈M and λ ∈ K it holds that

f(λm) = f((λ1A)m) = (λ1A)f(m) = λf(m),

i. e. f is K-linear.
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(ii) For every homomorphism f : M → N of A-modules, Ker(f) ≤ M and f(M) ≤ N . The homo-
morphism theorem, the correspondence theorem, and the isomorphism theorems hold for modules
just as they do for vector spaces.

(iii) If f : M → N is a bijective homomorphism, then f−1 : N →M is also a homomorphism, because

f−1(am) = f−1
(
af(f−1(m))

)
= f−1

(
f(af−1(m))

)
= af−1(m)

for m ∈M and a ∈ A.

(iv) If f, g : M → N are A-linear, then so are f + g : M → N , m 7→ f(m) + g(m) and λf : M → N ,
m 7→ λf(m) for λ ∈ K. This makes HomA(M,N) into a K-vector space (but usually not an
A-module). In the case M = N , we also have f ◦ g ∈ HomA(M,M) =: EndA(M). As usual,
f ◦ (g + h) = f ◦ g + f ◦ h and (f + g) ◦ h = f ◦ h + g ◦ h then hold for f, g, h ∈ EndA(M).
In this way, EndA(M) becomes a K-algebra with identity element idM . One calls EndA(M) the
endomorphism algebra of M .

(v) Let M be an A-module. For a ∈ A, fa : M → M , m 7→ am is a homomorphism of vector spaces
(but not of A-modules). Because of fa+b = fa+fb and fab = fa◦fb for a, b ∈ A, f : A→ EndK(M),
a 7→ fa is a homomorphism of algebras. One calls f a representation of A. By choosing a basis,
one obtains a corresponding matrix representation A→ Kn×n.

Lemma 9.9. For simple A-modules M ̸≃ N , it holds that HomA(M,N) = 0 and EndA(M) is a
division algebra.

Proof. For f ∈ HomA(M,N), Ker(f) and f(M) are submodules of M and N , respectively. In the case
Ker(f) = 0, we would have M ≃ f(M) = N . Thus Ker(f) =M and f = 0. In the case M = N , either
f = 0 or f is bijective. Therefore EndA(M) is a division algebra.

Definition 9.10. Let M be an A-module. A sequence of submodules 0 =M0 < M1 < . . . < Mn =M
is called a composition series of M if the factors Mi/Mi−1 are simple for i = 1, . . . , n.

Theorem 9.11 (Jordan-Hölder). Every A-module possesses a composition series. If 0 = Mk <
. . . < M0 = M and 0 = Nl < . . . < N0 = M are composition series of M , then k = l and there
exists a π ∈ Sk with Mi−1/Mi

∼= Nπ(i)−1/Nπ(i) for i = 1, . . . , k. One calls M0/M1, . . . ,Mk−1/Mk the
composition factors of M .

Proof. Induction on dimM : In the case M = 0, the composition series consists only of M . Now let
M ̸= 0 and L < M be a maximal submodule. By induction, L has a composition series 0 = L0 < . . . <
Ln = L. Obviously, L0 < . . . < Ln < M is then a composition series of M .

Now for the uniqueness: In the case M1 = N1, the assertion follows by induction. So let M1 ̸= N1.
Since M/M1 is simple, M =M1 +N1. The first isomorphism theorem shows

M/M1 = (N1 +M1)/M1 ≃ N1/(N1 ∩M1), M/N1 = (M1 +N1)/N1 ≃M1/(M1 ∩N1). (9.1)

Let 0 = Ks < . . . < K2 =M1 ∩N1 be an arbitrary composition series. By induction, the composition
series Mk < . . . < M1 and Ks < . . . < K2 < M1 then have the same length (i. e. k = s) and their
factors are isomorphic (up to the order). Now the composition series 0 = Kk < . . . < K2 < N1 and
0 = Nl < . . . < N1 also have the same length with isomorphic factors. Thus k = s = l and according
to (9.1), the composition series
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Mk < . . . < M0,

Kk < . . . < K2 < M1 < M0,

Kk < . . . < K2 < N1 < N0,

Nk < . . . < N0

M

M1 N1

M1 ∩N1M2

M3

Mk−1

K3

Ks−1

0

N2

N3

Nl−1

have isomorphic factors.

Corollary 9.12. Every simple A-module is isomorphic to a composition factor of the regular A-module.
In particular, there are at most dimA many simple A-modules up to isomorphism.

Proof. Let M be a simple A-module and m ∈ M \ {0}. Then the map φ : A → M , a 7→ am is an
epimorphism. By the homomorphism theorem, M ≃ A/Ker(φ). One can now extend a composition
series of Ker(φ) with M to a composition series of A. The second statement follows because every
simple module is at least 1-dimensional.

Definition 9.13. For an A-module M , one calls

Ann(M) := {a ∈ A : aM = 0}⊴A

the annihilator of M .

Remark 9.14. If φ : M → N is an isomorphism of A-modules, then

Ann(N) = {a ∈ A : aφ(M) = 0} = {a ∈ A : φ(aM) = 0} = {a ∈ A : aM = 0} = Ann(M).

Theorem 9.15. If M1, . . . ,Mk are the simple A-modules up to isomorphism, then

J(A) = Ann(M1) ∩ . . . ∩Ann(Mk).

Proof. For every A-module M and every ideal I ⊴A,

IM :=
{ n∑
i=1

ximi : n ∈ N, x1, . . . , xn ∈ I, m1, . . . ,mn ∈M
}
≤M.

In particular, J(A)Mi ≤ Mi. Let J(A)s = 0. In the case J(A)Mi = Mi, it would follow that 0 =
J(A)sMi = J(A)s−1Mi = . . . = Mi. Thus J(A)Mi = 0 for i = 1, . . . , k, since Mi is simple. This shows
J(A) ⊆ Ann(M1) ∩ . . . ∩Ann(Mk) =: I.

Let 0 = A0 < . . . < Al = A be a composition series of the regular A-module. Since A/Al−1 is
isomorphic to someMi, we have I(A/Al−1) = 0, i. e. IA ⊆ Al−1 according to Remark 9.14. Analogously,
I2A ⊆ IAl−1 ⊆ Al−2 and finally I l = I lA = 0. Therefore I is nilpotent and I ⊆ J(A).
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10 Semisimple modules

Remark 10.1. As is well known, every finite-dimensional vector space is a direct sum of simple (i. e. 1-
dimensional) subspaces. We investigate modules with the corresponding property. Again, let A always
be a K-algebra.

Theorem 10.2. For an A-module M , the following statements are equivalent:

(1) M is a sum of simple submodules.

(2) M is a direct sum of simple submodules.

(3) For every submodule U ≤M , there exists a submodule V ≤M with M = U ⊕ V .

If applicable, M is called semisimple.

Proof.

(1) ⇒ (3): Let M = M1 + . . . + Mk with simple submodules M1, . . . ,Mk ≤ M . Let V ≤ M with
U∩V = 0, such that dimV is as large as possible (if necessary V = 0). Assume U⊕V < M . Then
there exists 1 ≤ i ≤ k withMi ⊈ U+V . From the simplicity ofMi, it follows thatMi∩(U+V ) = 0.
Let u = v +m ∈ U ∩ (V +Mi) with v ∈ V and m ∈ Mi. Then u− v = m ∈ Mi ∩ (U + V ) = 0
and u = v ∈ U ∩ V = 0. This shows U ∩ (V +Mi) = 0 in contradiction to the choice of V . Thus
M = U ⊕ V .

(3) ⇒ (2): Let U := U1 ⊕ . . . ⊕ Uk be a direct sum of simple submodules U1, . . . , Uk ≤ M , such that
dimU is as large as possible. Assume U < M . Then there exists V ≤ M with M = U ⊕ V .
For dimensional reasons, there exists a simple submodule N ≤ M with N ≤ V . But then
U +N = U ⊕N in contradiction to the choice of U .

(2) ⇒ (1): Trivial.

Example 10.3.

(i) Every simple A-module is semisimple.

(ii) IfM =M1⊕. . .⊕Mk is a decomposition into simple modules, then 0 < M1 < M1⊕M2 < . . . < M
is a composition series of M . Therefore M1, . . . ,Mk are the composition factors of M .

(iii) If M1, . . . ,Mk are semisimple A-modules, then so is M1 × . . .×Mk.

(iv) Let A = K2×2. Then the regular A-module is semisimple as a sum of the simple modules{( ∗ 0
∗ 0

)}
≃ K2 ≃

{(
0 ∗
0 ∗
)}

(Example 9.6). Note: As an algebra A is simple, but as a module
it is not.

(v) Let A be the algebra of upper triangular 2× 2-matrices. Then K2 is not semisimple, because the
submodule K

(
1
0

)
has no complement.

Lemma 10.4. Submodules and factor modules of semisimple A-modules are semisimple.
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Proof. Let M be a semisimple A-module and N ≤ M . For L ≤ N there exists an L1 ≤ M with
M = L ⊕ L1. Then N = L + (L1 ∩ N) with L ∩ (L1 ∩ N) = (L ∩ L1) ∩ N = 0 by Dedekind.
Therefore L1 ∩ N is a complement of L in N and N is semisimple. For a simple submodule S ≤ M ,
(S +N)/N ≃ S/(S ∩N) is simple or trivial. Thus, with M , M/N is also a sum of simple submodules.
Hence M/N is semisimple.

Theorem 10.5. For every algebra A the following statements are equivalent:

(1) A is semisimple.

(2) The regular A-module is semisimple.

(3) Every A-module is semisimple.

Proof.

(1) ⇒ (2): Let M1, . . . ,Mn be the simple A-modules up to isomorphism. Let x1, . . . , xk ∈ Mi be a
K-basis of Mi. Then A → Mk

i , a 7→ a(x1, . . . , xk) is a homomorphism with kernel Ann(Mi). As
a submodule of Mk

i , A/Ann(Mi) is semisimple by Lemma 10.4. By Theorem 9.15 the map

A→
n×
i=1

A/Ann(Mi), a 7→ (a+Ann(Mi))1≤i≤n

is a monomorphism. Therefore the regular A-module is also semisimple.

(2) ⇒ (3): Let M be an A-module with K-basis m1, . . . ,mk ∈ M . Then Ak → M , (a1, . . . , ak) 7→
a1m1 + . . . + akmk is an epimorphism. Since Ak is semisimple, M must also be semisimple by
Lemma 10.4.

(3) ⇒ (1): Since the regular A-module is semisimple, there exist simple A-modules M1, . . . ,Mk with
A =M1⊕. . .⊕Mk. Let 1 = m1+. . .+mk withmi ∈Mi. For x ∈ J(A) ⊆ Ann(M1)∩. . .∩Ann(Mk)
we have x = x1 = xm1 + . . .+ xmk = 0. Therefore J(A) = 0 and A is semisimple.

Lemma 10.6. For A-modules M,M ′, N,N ′, the following hold:

(i) EndA(A) ∼= Ao.

(ii) EndA(M
n) ∼= EndA(M)n×n for n ∈ N.

(iii) HomA(M,N) = 0 = HomA(N,M) =⇒ EndA(M ×N) ∼= EndA(M)× EndA(N).

(iv) HomA(M,N ×N ′) ≃K HomA(M,N)×HomA(M,N ′).

(v) HomA(M ×M ′, N) ≃K HomA(M,N)×HomA(M
′, N).

Proof.

(i) Obviously, the map
Φ: EndA(A) → Ao, f 7→ f(1)

is K-linear. Because of (f ◦ g)(1) = f(g(1)) = f(g(1) · 1) = g(1)f(1), Φ is a homomorphism of
algebras. Because of f(a) = f(a1) = af(1) for a ∈ A, f is already uniquely determined by f(1).
Therefore, Φ is injective. Conversely, let a ∈ A be arbitrary. Then the map fa : A→ A, b 7→ ba is
a homomorphism with fa(1) = a. This shows the surjectivity of Φ.
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(ii) For i = 1, . . . , n, the maps

πi : M
n →M, (m1, . . . ,mn) 7→ mi,

ρi : M →Mn, m 7→ (0, . . . , 0,m
i
, 0, . . . , 0)

are A-linear. It holds that

πiρj =

{
idM if i = j,

0 if i ̸= j,
idMn =

n∑
i=1

ρiπi.

We define Φ: EndA(M
n) → EndA(M)n×n, f 7→ (πifρj)

n
i,j=1. Then Φ(id) = (πiρj)i,j = 1n and

Φ(f + g) = Φ(f) + Φ(g) for f, g ∈ EndA(M
n). Furthermore,

Φ(fg) = (πif id gρj)i,j =
(
πif

n∑
k=1

ρkπkgρj

)
i,j

= (πifρj)i,j(πigρj)i,j = Φ(f)Φ(g).

Therefore, Φ is a homomorphism of algebras. For Φ(f) = 0, we also have

f =
( n∑
i=1

ρiπi

)
f
( n∑
j=1

ρjπj

)
=

n∑
i,j=1

ρi(πifρj)πj = 0

and Φ is injective. Finally, let (fij)i,j ∈ EndA(M)n×n be given. Then f :=
∑n

i,j=1 ρifijπj ∈
EndA(M

n) with

Φ(f) =
(
πi

n∑
k,l=1

ρkfklπlρj

)
i,j

= (id fij id)i,j = (fij)i,j .

Thus, Φ is surjective.

(iii) Similarly to (ii), let Φ: EndA(M ×N) → EndA(M)×EndA(N), f 7→ (π1fρ1, π2fρ2). It is easily
shown that Φ is a homomorphism of algebras. Let Φ(f) = 0. Because of

π1fρ2 ∈ HomA(N,M) = 0 π2fρ1 ∈ HomA(M,N) = 0

we also have
f = (ρ1π1 + ρ2π2)f(ρ1π1 + ρ2π2) = 0

and Φ is injective. For (f1, f2) ∈ EndA(M)×EndA(N), let f : = ρ1f1π1+ρ2f2π2 ∈ EndA(M×N).
Then

Φ(f) =
(
π1(ρ1f1π1 + ρ2f2π2)ρ1, π2(ρ1f1π1 + ρ2f2π2)ρ2

)
= (f1, f2).

Therefore, Φ is surjective.

(iv) It is easily shown that the maps

HomA(M,N ×N ′) → HomA(M,N)×HomA(M,N ′), f 7→ (π1f, π2f),

HomA(M,N)×HomA(M,N ′) → HomA(M,N ×N ′), (g1, g2) 7→ ρ1g1 + ρ2g2

are mutually inverse isomorphisms of K-vector spaces.

(v) Analogous.
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Theorem 10.7 (Artin-Wedderburn). An algebra A is semisimple if and only if there exist division
algebras D1, . . . , Dk and n1, . . . , nk ∈ N with

A ∼= Dn1×n1
1 × . . .×Dnk×nk

k .

If applicable, n1, . . . , nk are the multiplicities and dim(D1)n1, . . . ,dim(Dk)nk are the dimensions of the
simple modules as composition factors of the regular A-module.

Proof. Let A be semisimple. According to Theorem 10.5, A ≃ Mn1
1 ⊕ . . . ⊕Mnk

k holds with pairwise
non-isomorphic simple A-modules M1, . . . ,Mk. According to Lemma 9.9, HomA(Mi,Mj) = 0 for i ̸=
j and Di := EndA(Mi)

o is a division algebra for i = 1, . . . , k. From Lemma 10.6 it follows that
HomA(M

ni
i ,M

nj
j ) ≃K HomA(Mi,Mj)

ninj = 0 and

A ∼= EndA(A)
o ∼= EndA(M

n1
1 × . . .×Mnk

k )o ∼= (EndA(M
n1
1 )× . . .× EndA(M

nk
k ))o

∼= (EndA(M1)
n1×n1 × . . .× EndA(Mk)

nk×nk)o

8.3∼= (EndA(M1)
n1×n1)o × . . .× (EndA(Mk)

nk×nk)o
8.3∼= Dn1×n1

1 × . . .×Dnk×nk
k .

Conversely, let A ∼= Dn1×n1
1 × . . .×Dnk×nk

k . According to Lemma 8.12,

J(A) ∼= J(D1)
n1×n1 × . . .× J(Dk)

nk×nk = 0,

i. e. A is semisimple. As in Example 9.6, one shows that Dni
i is a simple Dni×ni

i -module. Then certainly

Mi,j := 0× . . .× 0×

0 ∗j 0
...

...
...

0 ∗j 0

× 0× . . .× 0

is a simple submodule of the regular A-module with dimension dim(Di)ni. Furthermore, A is the direct
sum of these modules, where Mi,1 ≃ . . . ≃Mi,ni . For i ̸= j, Mi,1 ̸≃Mj,1 holds because the annihilators
are different (Remark 9.14). Thus Mi,1 occurs with multiplicity ni in the regular A-module.

Remark 10.8. Because of Dn1×n1
1 ⊴Dn1×n1

1 × . . .×Dnk×nk
k , it holds: A is simple if and only if there

exists a division algebra D and n ∈ N with A ∼= Dn×n. This special case was proven by Wedderburn.

11 Indecomposable Modules

Remark 11.1. Furthermore, let A be a K-algebra. If an A-module M is not semisimple, one can still
decompose M into smallest possible submodules M = M1 ⊕ . . . ⊕Mk. We investigate the properties
of such a decomposition.

Definition 11.2. Let M ̸= 0 be an A-module. M is called decomposable if there exist submodules
M1,M2 < M with M =M1 ⊕M2. Otherwise, M is called indecomposable.

Example 11.3.

(i) Every simple module is indecomposable.
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(ii) The 2-dimensional module K2 of A =
{( ∗ ∗

0 ∗
)}

from Example 10.3 is indecomposable, since
otherwise it would be semisimple.

Theorem 11.4. For every algebra A, the following statements are equivalent:

(1) A is local.

(2) Every element in A is invertible or nilpotent.

(3) 0 and 1 are the only idempotents of A.

Proof.

(1) ⇒ (2): Every element in J(A) is nilpotent. Let a ∈ A \ J(A). Since A/J(A) is a division algebra,
a+ J(A) ∈ (A/J(A))×. By Lemma 8.15, a ∈ A× holds.

(2) ⇒ (3): Let e = e2 ∈ A. In the case e ∈ A×, e = eee−1 = ee−1 = 1. Otherwise, en = 0 for some
n ∈ N. Then it follows that e = e2 = . . . = en = 0.

(3) ⇒ (1): By Lemma 8.15, the semisimple algebra A/J(A) possesses only the idempotents 0 and 1.
However, every component Dn×n in the Artin-Wedderburn decomposition of A/J(A) yields (at
least) n idempotents E11, . . . , Enn according to Example 8.14. Therefore, A/J(A) itself must be
a division algebra.

Lemma 11.5 (Fitting). Let M be an A-module and f ∈ EndA(M). Then there exists a k ∈ N with
M = Ker(fk)⊕ fk(M).

Proof. For dimension reasons, the sequences Ker(f) ⊆ Ker(f2) ⊆ . . . and f(M) ⊇ f2(M) ⊇ . . .
become constant. Let k ∈ N with Ker(fk) = Ker(fk+1) = . . . and fk(M) = fk+1(M) = . . .. For
x ∈ Ker(fk) ∩ fk(M), there exists y ∈ M with fk(y) = x. From f2k(y) = fk(x) = 0 it follows that
y ∈ Ker(f2k) = Ker(fk) and x = fk(y) = 0. Thus Ker(fk) ∩ fk(M) = 0 holds. The assertion follows
from

dimK(Ker(fk)⊕fk(M)) = dimKer(fk)+dim fk(M) = dimKer(fk)+dim(M/Ker(fk)) = dimM.

Theorem 11.6. An A-module M ̸= 0 is indecomposable if and only if EndA(M) is local.

Proof. Let M be indecomposable. Suppose E := EndA(M) possesses an idempotent e /∈ {0, 1}. By
Fitting, M = e(M)⊕Ker(e) holds. Because e ̸= 0, Ker(e) < M . Since M is indecomposable, it follows
that e(M) =M , i. e. e is invertible. But then e = 1. Thus E is local by Theorem 11.4.

Conversely, let E be local and M =M1⊕M2. Let π1 : M →M , m1+m2 7→ m1 be the projection onto
M1. Obviously π1 ∈ E is an idempotent and π1 ∈ {0, idM} follows from Theorem 11.4. This shows
M2 =M or M1 =M , i. e. M is indecomposable.

Corollary 11.7. An algebra A is local if and only if the regular A-module is indecomposable.

Proof. Follows from EndA(A) ∼= Ao (Lemma 10.6).

Theorem 11.8 (Krull-Schmidt). Every A-module M possesses a decomposition into indecomposable
modules M =M1 ⊕ . . .⊕Mk, which are uniquely determined up to order and isomorphism.
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Proof. The existence follows easily by induction on dimM . Let M = M1 ⊕ . . .⊕Mk = N1 ⊕ . . .⊕Nl

be decompositions into indecomposable modules. Induction on k: For k = 1, M is indecomposable and
l = 1. So let k ≥ 2. Let πi : M →Mi be the i-th projection of the first decomposition and ρ : M → N1

the first projection of the second decomposition. Then

idN1 = ρ|N1
= ρ ◦ (π1 + . . .+ πk)|N1

= (ρ ◦ π1)|N1
+ . . .+ (ρ ◦ πk)|N1

.

Not all summands on the right side can lie in J(EndA(N1)). According to Theorem 11.6 and Theo-
rem 11.4, at least one summand, say τ := (ρ ◦ π1)|N1

, is invertible. In particular, (π1)|N1
is injective

and ρ|M1
is surjective. For σ := π1 ◦ τ−1 ◦ ρ|M1

∈ EndA(M1), it clearly holds that

σ2 = π1 ◦ τ−1 ◦ ρ ◦ π1 ◦ τ−1 ◦ ρ|M1
= σ ̸= 0.

From Theorem 11.6 and Theorem 11.4 it follows that σ = idM1 . Therefore (π1)|N1
is also surjective.

This shows N1 ≃M1. For x ∈M1 there exists y ∈ N1 with π1(x) = x = π1(y) and x− y ∈ Ker(π1) =
M2 + . . . +Mk. It follows that M = N1 +M2 + . . . +Mk. For x ∈ N1 ∩ (M2 + . . . +Mk), π1(x) = 0
and x = 0, since (π1)|N1

is injective. Thus

M = N1 ⊕M2 ⊕ . . .+⊕Mk

is shown. Because of M2 ⊕ . . .⊕Mk ≃M/N1 ≃ N2 ⊕ . . .⊕Nl, the claim now follows by induction.

Definition 11.9. For a K-algebra A, let

γ(A) := K{ab− ba : a, b ∈ A}

be the commutator space of A.

Remark 11.10. Attention: γ(A) is neither an ideal nor a subring of A.

Lemma 11.11. For K-algebras A,B, the following holds:

(i) γ(A×B) = γ(A)× γ(B).

(ii) For I ⊴A, γ(A/I) = (γ(A) + I)/I holds.

(iii) For n ∈ N, γ(Kn×n) = {M ∈ Kn×n : trM = 0} holds. In particular, dimK(Kn×n/γ(Kn×n)) = 1.

Proof.

(i) Certainly γ(A)×γ(B) = (γ(A)×0)+(0×γ(B)) ⊆ γ(A×B) holds. For a1, a2 ∈ A and b1, b2 ∈ B
we have

(a1, b1)(a2, b2)− (a2, b2)(a1, b1) = (a1a2 − a2a1, b1b2 − b2b1) ∈ γ(A)× γ(B).

(ii) For a, b ∈ A we have (a+ I)(b+ I)− (b+ I)(a+ I) = ab− ba+ I ∈ γ(A) + I.

(iii) For a, b ∈ Kn×n we have tr(ab− ba) = tr(ab)− tr(ba)
(2.1)
= 0, i. e. γ(Kn×n) ⊆ Ker(tr). Let as usual

Est = (δisδjt)i,j ∈ Kn×n. For s ̸= t we have

Est = Es1E1t − E1tEs1 ∈ γ(Kn×n),

Ess − Ett = EstEts − EtsEst ∈ γ(Kn×n).

Apparently the matrices Est (s ̸= t) and E11−Ess (2 ≤ s ≤ n) form a basis of Ker(tr). Therefore
Ker(tr) ⊆ γ(Kn×n) holds. The second assertion follows from the homomorphism theorem for
tr.
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Lemma 11.12. Let A be a K-algebra and p := charK > 0. For a, b ∈ A the following holds:

(i) (a+ b)p ≡ ap + bp (mod γ(A)).

(ii) a ∈ γ(A) =⇒ ap ∈ γ(A).

(iii) J(A) + γ(A) =
{
a ∈ A : ∃n ∈ N0 : a

pn ∈ γ(A)
}
, if K is algebraically closed.

Proof.

(i) If one multiplies out (a + b)p, one obtains the sum of all 2p terms of the form c1 . . . cp with
c1, . . . , cp ∈ {a, b}.10 Because of

c1 . . . cp ≡ c2 . . . cpc1 ≡ . . . ≡ cpc1 . . . cp−1 (mod γ(A))

it holds that

c1 . . . cp + c2 . . . cpc1 + . . .+ cpc1 . . . cp−1 ≡ pc1 . . . cp ≡ 0 (mod γ(A)).

Modulo γ(A), only the two terms ap and bp remain in (a+ b)p.

(ii) According to (i), we can assume a = bc− cb with c ∈ A. Then it holds that

ap ≡ (bc)p + (−cb)p ≡ (bc)p − (cb)p ≡ b(c . . . bc)− (cb . . . c)b ≡ 0 (mod γ(A)).

(iii) Let a ≡ b (mod γ(A)). According to (i) and (ii), it holds that ap− bp ≡ (a− b)p ≡ 0 (mod γ(A)).
For arbitrary a, b ∈ A, it is therefore (a+b)p2 ≡ (ap+bp)p ≡ ap

2
+bp

2
(mod γ(A)) and inductively

(a+ b)p
n ≡ ap

n
+ bp

n
(mod γ(A)) for n ∈ N. This shows that

T := {a ∈ A : ∃n ∈ N0 : a
pn ∈ γ(A)}

is a vector space with γ(A) ⊆ T . Since J(A) is nilpotent, J(A) ⊆ T holds, thus J(A) + γ(A) ⊆ T .
According to Artin-Wedderburn and Lemma 8.4, A/J(A) ∼= Kn1×n1 × . . . × Knk×nk . Together
with Lemma 11.11, it follows that

(γ(A) + J(A))/J(A) = γ(A/J(A)) ∼= γ(Kn1×n1)× . . .× γ(Knk×nk) (11.1)

and dimA/(γ(A) + J(A)) = k. On the other hand, the idempotents

(E11, 0, . . . , 0), . . . , (0, . . . , 0, E11) ∈ Kn1×n1 × . . .×Knk×nk

are obviously linearly independent modulo T . This shows dimA/T ≥ k and T = γ(A)+J(A).

Corollary 11.13. Let K be algebraically closed with characteristic p > 0. Then

dimA/(γ(A) + J(A)) = dimZ(A/J(A))

is the number of simple A-modules up to isomorphism.

Proof. According to Exercise 22, every simple A-module is also a simple A/J(A)-module. According to
Artin-Wedderburn and (11.1), dimA/(γ(A) + J(A)) is the number of simple A-modules. The second
equation follows from Lemma 8.12.

10Since a and b are not necessarily commutable, one must not use the binomial formula.
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12 Group Algebras

Remark 12.1. In Chapter 2, we have seen that C-representations of a group G are essentially de-
termined by their character. Over fields with characteristic p > 0, this is in general false, because the
character of a representation of the form ∆⊕ . . .⊕∆ with p summands is the zero map. In this chapter,
we introduce an algebra that contains all representation-theoretic information of G.

Definition 12.2. Let KG be the set of all mappings G→ K. By

(α+ β)(g) := α(g) + β(g) (α, β ∈ KG, g ∈ G),

(αβ)(g) :=
∑
h∈G

α(h)β(h−1g) (convolution),

(λα)(g) := λα(g) (λ ∈ K)

KG becomes a K-algebra. The associativity of the multiplication follows from

((αβ)γ)(g) =
∑
h∈G

(αβ)(h)γ(h−1g) =
∑
h∈G

∑
k∈G

α(k)β(k−1h)γ(h−1g)

=
∑

x,y,z∈G
xyz=g

α(x)β(y)γ(z) = . . . = (α(βγ))(g)

for α, β, γ ∈ KG and g ∈ G (the other axioms are easy). KG is called the group algebra of G over K.
Its elements are usually written as formal linear combinations α =

∑
g∈G αgg, where αg = α(g) ∈ K.

The multiplication then works like with polynomials:∑
g∈G

αgg ·
∑
g∈G

βgg =
∑
g,h∈G

αgβhgh =
∑
g∈G

(∑
h∈G

αhβh−1g

)
g.

By identifying g ∈ G with 1Kg, we can regard G as a subset of KG. Then 1G is the identity element
of KG and G is a K-basis of KG. In particular, dimK KG = |G|. Furthermore, KG is commutative if
and only if G is abelian.

Example 12.3. For x := (1, 2) + (1, 3) ∈ F2S3 we have

x2 = (1, 2)2 + (1, 2)(1, 3) + (1, 3)(1, 2) + (1, 3)2 = 1 + (1, 3, 2) + (1, 2, 3) + 1 = (1, 3, 2) + (1, 2, 3).

Remark 12.4.

(i) Every representation ∆: G→ GL(V ) of G can be linearly extended to a representation

∆̂ : KG→ EndK(V ),
∑
g∈G

αgg 7→
∑
g∈G

αg∆(g)

of KG. In this way, V becomes a KG-module (Remark 9.8). Conversely, from a KG-module
V ̸= 0, one obtains a representation of G by restriction.

(ii) Representations ∆: G → GL(V ) and Γ: G → GL(W ) are similar if and only if there exists a
vector space isomorphism f : V → W with f ◦ ∆(g) = Γ(g) ◦ f for all g ∈ G. For v ∈ V , this
means f(gv) = gf(v), i.e., f is an isomorphism of KG-modules. Therefore, the similarity classes
of representations of G and the isomorphism classes of KG-modules correspond to each other.
Note: The trivial representation 1G corresponds to the 1-dimensional module K. In contrast to
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arbitrary algebras, we will refer to K in this context as the trivial module. The existence of this
module distinguishes group algebras from arbitrary algebras. For example,K2×2 is not isomorphic
to any group algebra.

(iii) Let ∆ be a representation corresponding to the KG-module V . The ∆-invariant subspaces are
then precisely the submodules of V . Therefore, ∆ is irreducible if and only if V is simple.

Theorem 12.5 (Maschke). KG is semisimple if and only if charK does not divide |G|.

Proof. Let charK ∤ |G|. According to Theorem 1.9, every KG-module is semisimple. According to
Theorem 10.5, the algebra KG is also semisimple. If |G| is divisible by charK, then KG is not
semisimple according to Exercise 1.

Example 12.6.

(i) Let charK ∤ |G|. Artin-Wedderburn yields division algebras D1, . . . , Dk and n1, . . . , nk ∈ N with
KG ∼= Dn1×n1

1 × . . . × Dnk×nk
k . Because of the trivial module, one can assume Dn1×n1

1 = K.
Furthermore,

|G| = dimK KG =
k∑
i=1

dim(Dni×ni
i ) =

k∑
i=1

dim(Di)n
2
i .

If K is algebraically closed, then Di
∼= K for i = 1, . . . , k according to Lemma 8.4. One then

obtains |G| = n21 + . . . + n2k as in Remark 2.15. If G is abelian, then D1, . . . , Dk are fields and
n1 = . . . = nk = 1.

(ii) If G is abelian of order n, then CG ∼= Cn according to Remark 12.4. The isomorphism type of G
can therefore not be determined from CG.

(iii) According to Example 7.4, C3 has an irreducible R-representation of degree 2. Since C3 is abelian,
it follows easily that RC3

∼= R × C. Since the Q-representations of D6 and D8 are absolutely
irreducible, we have QS3 ∼= QD6

∼= Q2×2 ×Q2 and QD8
∼= Q2×2 ×Q4. Without proof, it should

be mentioned: RQ8
∼= R4 ×H.

(iv) For G = ⟨g⟩ ∼= Cn, Q[X] → QG, X 7→ g is an epimorphism of algebras with kernel (Xn − 1). As
is well known, Xn − 1 =

∏
d|nΦd, where Φd are the (irreducible) cyclotomic polynomials. Since

the Φd are pairwise coprime,

Q[X]/(Xn − 1) →
∏
d |n

Q[X]/(Φd), α+ (Xn − 1) 7→ (α+ (Φd))d

is an isomorphism (Chinese Remainder Theorem for rings). Finally, Q[X]/(Φd) ∼= Qd is the d-th
cyclotomic field. Overall, one obtains the Artin-Wedderburn decomposition

QG ∼=
∏
d |n

Qd.

The number of simple QG-modules is therefore the number of divisors of n.

Theorem 12.7 (Burnside). For every representation ∆: G→ GL(n,K) over a number field K, the
following statements are equivalent:

(1) ∆ is absolutely irreducible.
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(2) CKn×n(∆(G)) = K1n.

(3) ∆(KG) = Kn×n.

Proof.

(1) ⇒ (2): By Schur’s Lemma, it holds that

CKn×n(∆(G)) = Kn×n ∩ CCn×n(∆(G)) = Kn×n ∩ C1n = K1n.

(2) ⇒ (1): If ∆ is reducible as a C-representation, then there exists a C-basis with ∆(g) =
(∆1(g) 0

0 ∆2(g)

)
for g ∈ G and C-representations ∆1, ∆2. Then, however,

(
∆1(1) 0

0 0

)
∈ CKn×n(∆(G)) \K1n (note

that (2) does not depend on the choice of basis).

(1) ⇒ (3): If matrices are linearly independent over C, then they are all the more so over K. Therefore,
it holds that

dimC∆(CG) = dimSpanC∆(G) ≤ dimSpanK∆(G) = dimK ∆(KG).

Thus, we can assume K = C. Let V := Cn be the CG-module belonging to ∆. Then Ann(V )
is the kernel of ∆: CG → EndC(V ) ∼= Cn×n. In particular, dimCG/Ann(V ) ≤ n2. Let V =
V1, . . . , Vk be the simple CG-modules up to isomorphism. According to Theorem 9.15, CG →
×k

i=1CG/Ann(Vi) is a monomorphism. Because of

|G| = dimCG ≤
n∑
i=1

dimCG/Ann(Vi) ≤
k∑
i=1

dim(Vi)
2 2.15

= |G|

∆ must be surjective.

(3) ⇒ (1): Suppose ∆ is reducible as a C-representation. After a suitable choice of basis, ∆(CG) then
consists of matrices of the form

(
A 0
0 B

)
. This contradicts (3).

Definition 12.8. For a conjugacy class C of G, let C+ :=
∑

g∈C g ∈ KG be the class sum of C.

Theorem 12.9. The class sums form a K-basis of Z(KG). In particular, dimK Z(KG) = k(G).

Proof. For g ∈ G and C ∈ Cl(G) it holds that

gC+ =
∑
c∈C

gc =
∑
c∈C

gcg−1g =
∑
d∈C

dg = C+g.

This shows C+ ∈ Z(KG). Conversely, let α =
∑

g∈G αgg ∈ Z(KG). For h ∈ G it then holds that

α = hαh−1 =
∑
g∈G

αghgh
−1

and αg = αhgh−1 . Therefore, α is constant on the conjugacy classes of G. Consequently, α is a K-
linear combination of the class sums. Since conjugacy classes are disjoint, the class sums are linearly
independent.
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Remark 12.10.

(i) According to Theorem 12.9, Z(KG) consists exactly of the class functions G→ K.

(ii) For C,D ∈ Cl(G) we have

C+D+ =
∑
c∈C

∑
d∈D

cd =
∑

E∈Cl(G)

∑
e∈E

|{(c, d) ∈ C ×D : cd = e}|e =
∑

E∈Cl(G)

γCDEE
+

with the class multiplication constants defined in Remark 2.15.

(iii) Let charK ∤ |G| and KG ∼= Dn1×n1
1 × . . . × Dnk×nk

k be the Artin-Wedderburn decomposition.
From Lemma 8.12 it follows that

k(G) = dimZ(KG) = dimZ(D1) + . . .+ dimZ(Dk).

If K is algebraically closed, one obtains k(G) = k as in the case K = C (Theorem 2.18). In the
following, we determine k if charK

∣∣ |G|.
Definition 12.11. Let p be a prime number. An element x ∈ G is called a p-element or p′-element,
if |⟨x⟩| is a p-power or is not divisible by p, respectively. Let Gp or Gp′ be the set of p-elements or
p′-elements of G, respectively. Then Gp ∩ Gp′ = {1} holds, but G ̸= Gp ∪ Gp′ in general. A class
C ∈ Cl(G) is called a p-conjugacy class or p′-conjugacy class, if C ⊆ Gp or C ⊆ Gp′ (note: conjugate
elements have the same order).

Lemma 12.12. Every element x ∈ G can be uniquely written in the form x = xpxp′ = xp′xp with
xp ∈ Gp and xp′ ∈ Gp′ . One calls xp the p-factor and xp′ the p′-factor of x.

Proof. Let |⟨x⟩| = pam with p ∤ m. Then there exist α, β ∈ Z with αpa + βm = gcd(pa,m) = 1. For
xp := xβm ∈ Gp and xp′ := xαp

a ∈ Gp′ we have x = xαp
a+βm = xpxp′ = xp′xp.

Let y ∈ Gp and z ∈ Gp′ with x = yz = zy. Then y and z commute with x, xp and xp′ . It follows that
y−1xp = zx−1

p′ ∈ Gp ∩Gp′ = {1}, i. e. y = xp and z = xp′ .

Remark 12.13. For x, g ∈ G we have (gxg−1)p = gxpg
−1 and (gxg−1)p′ = gxp′g

−1.

Definition 12.14. For x ∈ G let

Secp′(x) :=
{
y ∈ G : Cl(yp′) = Cl(xp′)

}
⊆ G

be the p′-section of x. According to Remark 12.13, Secp′(x) is a union of conjugacy classes of G.

Example 12.15. For x ∈ Gp we have Secp′(x) = Gp. For g := (1, 2) ∈ S3 we have Sec3′(g) = Cl(g) =
{g, (1, 3), (2, 3)}.

Lemma 12.16. For every algebraically closed field K of characteristic p > 0, it holds that

(i) γ(KG) =
{∑
g∈G

αgg : ∀C ∈ Cl(G) :
∑
c∈C

αc = 0
}
,

(ii) γ(KG) + J(KG) =
{∑
g∈G

αgg : ∀x ∈ Gp′ :
∑

s∈Secp′ (x)

αs = 0
}
.
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Proof.

(i) Let Γ be the right-hand side of the equation. For g, h ∈ G, we have gh−hg = gh−g−1(gh)g ∈ Γ.
For α =

∑
g∈G αgg and β =

∑
h∈G βhh, it follows that

αβ − βα =
∑
g,h∈G

αgβh(gh− hg) ∈ Γ.

Conversely, let
∑

g∈G αgg ∈ Γ and xC ∈ C ∈ Cl(G). For every c ∈ C, there exists g ∈ G with
c = gxCg

−1. Then c− xC = (gxC)g
−1 − g−1(gxC) ∈ γ(KG) and∑

g∈G
αgg =

∑
C∈Cl(G)

(∑
c∈C

αcc− xC
∑
c∈C

αc︸ ︷︷ ︸
=0

)
=

∑
C∈Cl(G)

∑
c∈C

αc(c− xC) ∈ γ(KG).

(ii) Let |G| = pam with p ∤ m and k ≥ a with pk ≡ 1 (mod m) (e. g. k = aφ(m)). Then gp
k
=

gp
k

p g
pk

p′ = gp′ for g ∈ G by Lagrange. Let α :=
∑

g∈G αgg ∈ KG and x1, . . . , xl be a system of
representatives for the p′-conjugacy classes ofG. For g ∈ Secp′(xi), we have gp′ ≡ xi (mod γ(KG))
by (i). From Lemma 11.12 it follows that

αp
k ≡

∑
g∈G

αp
k

g gp′ ≡
l∑

i=1

xi
∑

s∈Secp′ (xi)

αp
k

s ≡
l∑

i=1

xi

( ∑
s∈Secp′ (xi)

αs

)pk
(mod γ(KG)). (12.1)

If
∑

s∈Secp′ (xi)
αs = 0 for all i, then αp

k ∈ γ(KG) and α ∈ γ(KG) + J(KG) by Lemma 11.12.
Conversely, if αpn ∈ γ(KG) for some n ∈ N, then there exists a k ≥ max{a, n} with pk ≡ 1
(mod m). Then

∑
s∈Secp′ (xi)

αs = 0 follows from (12.1) for i = 1, . . . , l.

Theorem 12.17 (Brauer). Let K be an algebraically closed field of characteristic p > 0. Then the
number of simple KG-modules coincides with the number of p′-conjugacy classes of G.

Proof. Obviously, the number l of p′-conjugacy classes coincides with the number of p′-sections.
Lemma 12.16 describes γ(KG) + J(KG) as the solution of a system of linear equations with l lin-
early independent rows. Therefore, dimKG/(γ(KG) + J(KG)) = l and the assertion follows from
Corollary 11.13.

Example 12.18. The algebraic closure K := Fp of Fp has characteristic p > 0.

(i) Let G be abelian and |G| = pam with p ∤ m. Then G = Gp × Gp′ and m = |Gp′ | is the number
of simple KG-modules. One obtains these modules as inflations of Gp′ ∼= G/Gp. This holds more
generally if Gp is the unique p-Sylow subgroup of G (Example 12.22).

(ii) The trivial module is the only simple KG-module if and only if {1} is the only p′-conjugacy class
of G. This holds if and only if G is a p-group. This statement remains true if K is not algebraically
closed (see proof of Theorem 12.21).
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(iii) For p ∈ {2, 3}, KS3 has exactly two simple modules in each case. The non-trivial module for
p = 3 is the alternating module K with σ · 1K = sgn(σ)1K for σ ∈ S3 (inflation of C2

∼=
S3/A3). In particular, both simple modules are 1-dimensional here, although S3 is not abelian
(cf. Theorem 2.2). For p = 2,

V := {x ∈ K3 : x1 + x2 + x3 = 0} ≤ K3

is the non-trivial simple module (with dimV = 2), where S3 permutes the coordinates.

Remark 12.19.

(i) The determination of simple modules is significantly more difficult in positive characteristic than
in characteristic 0. For example, one does not even know the dimensions of the simple F2S20-
modules. These dimensions also do not divide the group order in general. For example, there are
simple F3S7-modules of dimension 13.

(ii) In the situation of Theorem 12.17, one can assign to eachKG-module a so-called Brauer character
φ : Gp′ → C. The set of irreducible Brauer characters then forms a basis for the space of all class
functions on Gp′ .

(iii) The number of simple QG-modules is the number of conjugacy classes of cyclic subgroups of G
(without proof).

(iv) Let r be the number of conjugacy classes of the form C = C−1 and 2s the number of conjugacy
classes C ̸= C−1 of G. Then r+ s is the number of simple RG-modules (without proof). If |G| is
odd, then r = 1 and there are exactly (k(G) + 1)/2 simple RG-modules.

(v) According to Corollary 9.12, KG has only finitely many simple modules up to isomorphism for
every field K. We will see that the situation for indecomposable modules is different.

Lemma 12.20. Let G be a non-cyclic p-group. Then there exists N ⊴G with G/N ∼= Cp × Cp.

Proof. Induction on |G|. Since G is not cyclic, |G| ≥ p2 holds. In the case |G| = p2, G is abelian
according to Example 4.8 and the claim holds with N := 1. Let |G| > p2 and Z := Z(G) ̸= 1
(Algebra 1). If G/Z is not cyclic, then by induction there exists a normal subgroup N/Z ⊴G/Z with

G/N ∼= (G/Z)/(N/Z) ∼= Cp × Cp.

Now let G/Z be cyclic, say G/Z = ⟨gZ⟩. Then every element of G has the form giz with i ∈ Z and
z ∈ Z. This implies that G is abelian. Let x ∈ G be of order p. By induction we can assume that G/⟨x⟩
is cyclic, say G = ⟨x, y⟩. For N := ⟨yp⟩⊴G, it now holds that G/N ∼= Cp × Cp.

Theorem 12.21. For every field K of characteristic p > 0, the following holds:

(i) KG is local if and only if G is a p-group.

(ii) If G ∼= Cpn, then KG has exactly pn indecomposable modules up to isomorphism. These have
dimensions 1, 2, . . . , pn.

(iii) If G is a non-cyclic p-group, then KG has indecomposable modules in every dimension d ∈ N.
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Proof.

(i) First, assume that G is not a p-group. By Cauchy (or Sylow), there exists a subgroup 1 ̸= H ≤ G
with |H| ̸≡ 0 (mod p), i. e. |H|−1 ∈ K. It is easy to see that 1

|H|
∑

x∈H x ∈ KG \ {0, 1} is an
idempotent. By Theorem 11.4, KG is not local.

Now let G be a p-group. As is well known, K contains the prime field Fp. Let M be a simple
KG-module and

L :=
∑
g∈G

Fpgm ⊆M

for a fixed m ∈M \{0}. Obviously, L is a finite Fp-vector space. In particular, |L| is a p-power. For
x ∈ G, we have xL =

∑
g∈G Fpxgm = L. Therefore, G acts on L by left multiplication. Certainly,

0 ∈ L is a fixed point of G. Since both |G| and |L| are powers of p, G must have another fixed
point a ∈ L \ {0} by the class equation. Now Ka is a submodule of the simple module M , and it
follows that M = Ka ≃ K. By Theorem 9.15, KG/J(KG) = KG/Ann(M) ∼= EndK(M) ∼= K.
Therefore, KG is local.

(ii) Let G = ⟨g⟩ and V be an indecomposable KG-module. The minimal polynomial µ of the linear
map f : V → V , v 7→ gv divides Xpn−1 = (X−1)p

n . Thus µ = (X−1)k for some 1 ≤ k ≤ pn. By
linear algebra, there exists an f -invariant decomposition V = U⊕W such that f|U corresponds to
the Jordan block Jk(1).11 Since V is indecomposable, it follows that W = 0 and dimV = dimU =
k. Furthermore, V is uniquely determined up to isomorphism. Conversely, for each 1 ≤ k ≤ pn,
one can turn the vector space V := Kk into a KG-module via gv := Jk(1)v for v ∈ V . Due to
the uniqueness of the Jordan normal form, V is indecomposable.

(iii) By Lemma 12.20, there exists N ⊴G with G/N ∼= Cp ×Cp. If U is an indecomposable K[G/N ]-
module, then U becomes an indecomposable KG-module via gu := (gN)u for g ∈ G and u ∈ U
(inflation). We can therefore assume G = ⟨g, h⟩ ∼= Cp × Cp.

We first construct indecomposable modules in dimension 2d. Let V2d be the K-vector space with
basis b1, . . . , bd, c1, . . . , cd. Let α, β ∈ EndK(V2d) with

α(bi) = ci, β(bj) = cj+1, α(ci) = β(ci) = β(bd) = 0 (i = 1, . . . , d, j = 1, . . . , d− 1).

Obviously, α2 = β2 = αβ = βα = 0 holds. It follows that (id+α)p = id+αp = id = (id+β)p.
Therefore, ∆: G → GL(V2d) with ∆(g) = id+α and ∆(h) = id+β defines a representation.
Let f ∈ EndKG(V2d) with matrix M =

(
A B
C D

)
∈ K2d×2d with respect to the given basis. Let

J = Jd(0) ∈ Kd×d be the Jordan block for the eigenvalue 0 with ones below the main diagonal.
Because f(gv) = gf(v) for v ∈ V2d, f commutes with α and β, i. e.(

0 0
A B

)
=

(
0 0
1d 0

)(
A B
C D

)
= αM =Mα =

(
A B
C D

)(
0 0
1d 0

)
=

(
B 0
D 0

)
(

0 0
JA JB

)
=

(
0 0
J 0

)(
A B
C D

)
= βM =Mβ =

(
A B
C D

)(
0 0
J 0

)
=

(
BJ 0
DJ 0

)
.

It follows that A = D, B = 0 and AJ = JA. In particular, M is a lower triangular matrix. With
A = (aij), specifically:a12 · · · a1,d−1 0

...
...

...
ad2 · · · ad,d−1 0

 = AJ = JA =


0 · · · 0
a11 · · · a1d
...

...
ad−1,1 · · · ad−1,d

 .

11see lecture notes Linear Algebra.
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It follows that a11 = . . . = add. In the case a11 ̸= 0, f is invertible, and otherwise f is nilpotent.
Thus EndKG(V2d) is local (Theorem 11.4) and V2d is indecomposable (Theorem 11.6).

For odd dimension 2d+ 1, we extend V2d to V2d+1 := V2d ⊕Kcd+1 and set

α(bi) = ci, β(bi) = ci+1, α(cj) = β(cj) = 0 (i = 1, . . . , d, j = 1, . . . , d+ 1)

(since the trivial module is indecomposable, we can assume d ≥ 1). A similar calculation shows
M =

(
A 0
C D

)
with A ∈ Kd×d, C ∈ K(d+1)×d and

D =

(
A ∗
0 ∗

)
=

(
∗ 0
∗ A

)
=

a11 0
. . .

∗ a11

 ∈ K(d+1)×(d+1).

Thus V2d+1 is also indecomposable.

Example 12.22. Let K be algebraically closed with charK = p. Let P := Gp ⊴ G be the unique p-
Sylow subgroup of G. By inflation from G/P , one obtains k(G/P ) non-isomorphic simple KG-modules
(Remark 12.10). Conversely, let V be an arbitrary simple KG-module. By restriction, V is also a KP -
module. According to Theorem 12.21, V possesses a trivial KP -submodule (for example, the second
to last term of a composition series). In particular, W := {v ∈ V : ∀x ∈ P : xv = v} ̸= 0. For g ∈ G,
x ∈ P and w ∈W , it holds that

x(gw) = g(g−1xg︸ ︷︷ ︸
∈P

)w = gw.

This shows gw ∈ W and W ≤ V . Since V is simple, it follows that W = V , i. e. P acts trivially on
V . The deflation of V is therefore a simple K[G/P ]-module. Consequently, the simple KG-modules
and the simple K[G/P ]-modules correspond to each other via inflation and deflation. In particular,
k(G/P ) is the number of p′-conjugacy classes of G.

Remark 12.23. Higman has shown that the number of indecomposable KG-modules for an arbitrary
finite group G is finite if and only if G has cyclic p-Sylow subgroups (p = charK). If applicable, one
says: KG has finite representation type.

13 Integral Representations

Remark 13.1. After having studied representations over C, over number fields, and over fields of
positive characteristic, we will entirely dispense with the field axioms in this chapter. In the simplest
case, Z plays the role of the field. As in the last chapter, one defines the group ring ZG. However, a
ZG-module generally does not possess a basis. For example, every finite abelian group A is a trivial
ZG-module and every element a ∈ A is linearly dependent because of |A|a = 0. We therefore investigate
a family of ZG-modules which, by definition, possess a basis.

Definition 13.2.

• A homomorphism of the form G→ GL(n,Z) is called an integral representation.

• A free abelian group A is called a G-lattice, if an action G × A → A with g(x + y) = gx + gy
exists. As with modules, we write gx instead of gx. A G-invariant subgroup B ≤ A is called a
sublattice, if A/B is torsion-free. If A possesses no proper, non-trivial sublattices, then A is called
simple.
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Remark 13.3.

(i) We always assume that G-lattices have finite rank.

(ii) If ∆: G→ GL(n,Z) is an integral representation, then A := Zn becomes a G-lattice as usual via
ga = ∆(g)a for a ∈ A and g ∈ G. Conversely, the action of G on a lattice A describes an integral
representation ∆. A change of basis on A replaces ∆ by g 7→ S∆(g)S−1 for some S ∈ GL(n,Z).
The well-known diagonalization arguments for matrices over fields are therefore not available
here.

(iii) If B is a sublattice of A, then A/B is clearly also a G-lattice.

(iv) Let b1, . . . , bn be a basis of a G-lattice A. Then every element a ∈ A can be uniquely written in
the form a = z1b1 + . . .+ znbn with z1, . . . , zn ∈ Z. One can extend A to a Q-vector space V by
allowing z1, . . . , zn ∈ Q. The action of G extends to V , so that one obtains a QG-module. This
construction is called the tensor product of Q and A, written V = Q ⊗Z A = Q ⊗ A. Obviously
rkA = dimV .

(v) Conversely, let a QG-module V be given. According to Minkowski, there exists a basis b1, . . . , bn
of V with respect to which G acts by integral matrices. Therefore A := Zb1 + . . . + Zbn is a
G-lattice with Q⊗ A = V .

(vi) Note that simple G-lattices A can certainly possess proper G-invariant subgroups such as 2A =
{2a : a ∈ A}.

Lemma 13.4. Let A be a G-lattice and V := Q ⊗ A. Then the maps B → Q ⊗ B and U 7→ U ∩ A
are mutually inverse bijections between the set of sublattices of A and the set of submodules of V . In
particular, A is simple if and only if V is simple.

Proof. If B is a sublattice of A, then Q ⊗ B ≤ V . Conversely, let U ≤ V . Then B := A ∩ U is
a G-invariant subgroup of A. Let a ∈ A \ B. Suppose there exists an m ∈ N with ma ∈ B. Then
a = 1

mma ∈ A ∩ U = B. Thus A/B is torsion-free. This shows that B is a sublattice of A.

For a sublattice B, it is obvious that B ⊆ A ∩ (Q ⊗ B). According to the fundamental theorem of
finitely generated abelian groups, one can extend a basis b1, . . . , bk of B to a basis of A. The elements
in A∩ (Q⊗B) with respect to this basis are exactly the integer linear combinations of b1, . . . , bk. Thus
B ⊆ A ∩ (Q⊗B).

For U ≤ V , let W := Q⊗ (A ∩ U) ≤ U . Let b1, . . . , bk be a Q-basis of U . Then there exists an m ∈ N
with mbi ∈ A for i = 1, . . . , k. This shows dimW = dimU and W = U . Therefore, the specified maps
are inverse to each other. Consequently, they must be bijections.

Remark 13.5. Let A be a G-lattice with sublattice B. According to the fundamental theorem of
finitely generated abelian groups, one can extend a basis of B to a basis of A. The action of G on A
with respect to this basis is described by integer block matrices of the form

(
A B
0 C

)
. Here A describes

the action on B and C the action on A/B. According to Maschke, U has a complement W in V . Now
C := A ∩W is a sublattice of A, but in general B+ C < A holds. As a rule, B has no complement in
A.
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Example 13.6. The group G := ⟨
(
1 1
0 −1

)
⟩ ∼= C2 acts on the lattice A := Z2 by matrix-vector multi-

plication. Obviously B := Z(1, 0)t and C := Z(1,−2)t are sublattices with B+ C < A. One easily sees
that B has no complement in A, i. e. A is not semisimple or

(
1 1
0 −1

)
is not diagonalizable in GL(2,Z)

(but in GL(2,Q)).

Definition 13.7. Let A and B be G-lattices. A map f : A → B is called a homomorphism, if f(gx+
y) = gf(x)+f(y) holds for all g ∈ G and x, y ∈ A. As usual, one defines mono-, epi- and isomorphisms.
If an isomorphism exists, then A and B are called isomorphic and one writes A ∼= B.

Lemma 13.8. Let A and B be G-lattices. Then there exist, up to isomorphism, only finitely many
lattices C with sublattice A and C/A ∼= B.

Proof. As in Remark 13.5, we choose a basis of C with respect to which the corresponding representation
∆: G → GL(n,Z) has the form ∆(g) =

(
Ag Bg
0 Cg

)
for g ∈ G. The matrices Ag ∈ GL(k,Z) and

Cg ∈ GL(l,Z) are given up to integral similarity by A and B. It suffices to show that there are only
finitely many possibilities for Bg up to similarity. For g, h ∈ G we have(

Agh Bgh
0 Cgh

)
= ∆(gh) = ∆(g)∆(h) =

(
AgAh AgBh +BgCh
0 CgCh

)
,

i. e. AgBh = Bgh −BgCh. As in the proof of Maschke, we use an averaging argument: For

M :=
1

|G|
∑
x∈G

BxC
−1
x ∈ 1

|G|
Zk×l

it holds that

AgM =
1

|G|
∑
x∈G

AgBxC
−1
x =

1

|G|
∑
x∈G

(Bgx −BgCx)C
−1
x =

1

|G|
∑
x∈G

BgxC
−1
x −Bg

=
1

|G|
∑
y∈G

ByC
−1
y Cg −Bg =MCg −Bg.

It follows that Bg =MCg −AgM . It thus suffices to restrict the possibilities for M . Let E ∈ Zk×l be
arbitrary and S =

(
1k E
0 1l

)
. We can replace ∆(g) by

S−1∆(g)S =

(
1k −E
0 1l

)(
Ag AgE +Bg
0 Cg

)
=

(
Ag AgE +Bg − ECg
0 Cg

)
.

Subsequently, Bg = (M +E)Cg −Ag(M +E) holds. By a suitable choice of E, one can achieve in this
way that all entries of M lie between 0 and 1. Since these entries, on the other hand, lie in 1

|G|Z, there
are only finitely many possibilities for M .

Example 13.9. According to Example 13.6, Z2 and Z(1, 0)t + Z(1,−2)t are two non-isomorphic G-
lattices with the same simple components.

Theorem 13.10 (Minkowski’s linear forms theorem). Let A ∈ Zn×n and d1, . . . , dn ∈ R+ with
d1 . . . dn ≥ |det(A)|. Then there exists an x ∈ Zn \ {0} with |(Ax)i| < di for i = 1, . . . , n.
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Proof (Rado). According to the Hermite normal form12 there exists an S ∈ GL(n,Z) such that AS is a
lower triangular matrix. If x satisfies the assertion for AS instead of A, then S−1x is a solution for A. We
can therefore assume that A itself is a lower triangular matrix. Then d1 . . . dn ≥ |det(A)| = |a11 . . . ann|.
For integers 0 ≤ αi < |aii| and 0 ≤ δi ≤ di we consider the system of equations Ax = α+ δ. We show
by induction on n that for a given δ ∈ Zn there exists exactly one α ∈ Zn such that the system has an
integer solution x. In the case n = 1, α1 and x1 are uniquely determined by

α1 = a11x1 − δ1 ≡ −δ1 (mod |a11|)

. Let n ≥ 2 and B := Ann. Inductively, there exist unique α1, . . . , an−1 such that x1, . . . , xn−1 is an
integer solution of Bx = α+ δ. Now αn and xn are uniquely determined by

αn = an1x1 + . . .+ annxn − δn ≡ an1x1 + . . .+ an,n−1xn−1 − δn (mod |ann|)

(because ain = 0 for i < n, xn only appears in this equation).

Apparently there are (⌊d1⌋ + 1) . . . (⌊dn⌋ + 1) > d1 . . . dn possible vectors δ, but only |a11 . . . ann| ≤
d1 . . . dn possible α. For at least one α there must therefore exist δ ̸= δ′ such that Ay = α + δ and
Az = α + δ′ have integer solutions y ̸= z. Now x := y − z ̸= 0 satisfies the assertion, because
|(Ax)i| = |δi − δ′i| ≤ di.

Remark 13.11. The linear forms theorem can be easily transferred to real matrices A.13 However,
we do not need this generalization.

Theorem 13.12 (Jordan-Zassenhaus). For each n ∈ N there exist, up to isomorphism, only finitely
many G-lattices of rank n.

Proof (Gaschütz). According to Lemma 13.8, it suffices to show that up to isomorphism, only finitely
many simple G-lattices of rank n exist. Since there are only finitely many (simple) QG-modules of di-
mension n up to isomorphism, we can fix such a module V = Qn and examine G-lattices A ⊆ V .
According to Remark 13.3, there exists a basis a1, . . . , an of V such that the corresponding represen-
tation ∆: G→ GL(V ) is realized by integral matrices. Let A = Za1 + . . .+ Zan be the corresponding
lattice. We determine a constant c ∈ N depending only on ∆, such that every G-lattice of rank n
contained in V is isomorphic to a lattice C ⊇ A with |C : A| ≤ c. Because of A ⊆ C ⊆ 1

cA and
1
cA/A

∼= (Z/cZ)n, there are only finitely many possibilities for C.

Let B ⊆ V be a G-lattice of rank n. By replacing B with dB ∼= B for a suitable d, one can assume
B ⊆ A. Since A and B are free abelian groups of the same rank, D := |A : B| < ∞ holds. A basis
b1, . . . , bn of B can be written in the form bi :=

∑n
j=1 βjiaj with B = (βij) ∈ Zn×n. As is well known

(Algebra), |det(B)| = D holds. According to the linear forms theorem?!, there exists an x ∈ Zn \ {0}
with |(Bx)i| ≤ n

√
D for i = 1, . . . , n. For s := Bx ∈ Zn, it holds that

t :=
n∑
i=1

siai =
n∑
i=1

n∑
j=1

xjβijai =
n∑
j=1

xjbj ∈ B.

Wlog. let s1 ̸= 0. Let φ ∈ End(V ) with φ(a1) = t and φ(ai) = 0 for i = 2, . . . , n. Then

ψ :=
∑
g∈G

∆(g) ◦ φ ◦∆(g)−1

12See notes on linear algebra.
13See notes on linear algebra.
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is an endomorphism of QG-modules with ψ(A) ⊆ B. Because of tr(ψ) =
∑

g∈G tr(φ) = |G|s1 ̸= 0,
we have ψ ̸= 0. According to Schur’s Lemma, ψ is an automorphism. Let M ∈ GL(n,Q) be the
matrix of ψ with respect to a1, . . . , an. Then |A : ψ(A)| = |det(M)| holds. Every entry of M is a linear
combination of s1, . . . , sn with coefficients that depend only on ∆. According to the Leibniz formula for
determinants, det(M) is a linear combination of terms of the form si1 . . . sin with 1 ≤ i1, . . . , in ≤ n and
coefficients that depend only on ∆. By the choice of s, |si1 . . . sin | ≤ D holds. The triangle inequality
shows |A : ψ(A)| = |det(M)| ≤ cD = c|A : B| for a constant c. For C := ψ−1(B) ∼= B, it now holds
that A = ψ−1(ψ(A)) ⊆ ψ−1(B) = C and

|C : A| = |B : ψ(A)| = |A : ψ(A)|
|A : B|

≤ c,

as claimed.

Example 13.13.

(i) Let G := ⟨
(
0 −1
1 −1

)
, ( 0 1

1 0 )⟩ ∼= S3 with the natural representation on V := Q2. Obviously A := Z2

and B := Z(1,−1)t + Z(2, 1)t are simple G-lattices in V . Suppose there exists an isomorphism
φ : A → B. Since V is absolutely irreducible, φ = k id for some k ∈ Z by Theorem 12.7. Then,
however,

3 = det

(
1 2
−1 1

)
= |A : B| = |A : φ(A)| = |Z2 : kZ2| = k2.

Thus A ≇ B. In Exercise 42 it is shown that there are no further non-isomorphic G-lattices in
V . Since V is the only simple QG-module of dimension 2, there are generally no further simple
G-lattices of rank 2.

(ii) Let ζ := e2πi/n ∈ C. Then G = ⟨ζ⟩ ∼= Cn acts by multiplication on K := Q(ζ) = Qn
∼= Qφ(n). The

G-lattices in K are the so-called fractional ideals. Let φ : A → B be an isomorphism between
such lattices. Then φ(ζx) = ζφ(x) for x ∈ A. Since K is generated by ζ, it even holds that
φ(λx) = λφ(x) for all λ ∈ K. Let a ∈ A \ {0} and c := φ(a)/a ∈ K. For all x ∈ A it holds that

aφ(x) = φ(ax) = φ(xa) = xφ(a),

i. e. φ(x) = cx and B = cA. Conversely, A is isomorphic to all multiples. In particular, A is
isomorphic to an ideal of the ring of integers

Z[ζ] = Z+ Zζ + . . .+ Zζφ(n)−1.

The number of isomorphism classes of lattices is called the class number h(K) of K. h(K) = 1
holds if and only if Z[ζ] is a principal ideal domain. This is equivalent to

n ∈ {1, . . . , 22, 24, . . . , 28, 30, 32, . . . , 36, 38, 40, 42, 44, 45, 48, 50, 54, 60, 66, 70, 84, 90}

(only 30 different fields because of Q2q = Qq for odd q). On the other hand, h(Q23) = 3 (without
proof).

(iii) For arbitrary ZG-modules, the Jordan-Zassenhaus theorem is false, since with Z/kZ for k ∈ N
there are already infinitely many (trivial) ZG-modules of rank 1.

Remark 13.14.

(i) The Jordan-Zassenhaus theorem holds more generally for the ring of integers ZK of a number
field K, instead of Z. In fact, one can replace KG by a semisimple K-algebra.
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(ii) The next theorem improves Corollary 7.7.

Corollary 13.15. For every n, GL(n,Q) and GL(n,Z) possess only finitely many conjugacy classes
of finite groups.

Proof. According to Theorem 7.6, it suffices to prove the statement for GL(n,Z). According to Corol-
lary 7.7, we can fix the isomorphism class of a finite group G ≤ GL(n,Z). According to Jordan-
Zassenhaus, there exist only finitely many non-isomorphicG-lattices A1, . . . ,Ak. Let ∆i : G→ GL(n,Z)
be a representation associated with Ai and Gi := ∆(G) for i = 1, . . . , k. Let φ : G→ H ≤ GL(n,Z) be
an arbitrary isomorphism. Then B := Zn becomes a G-lattice via gz := φ(g)z for z ∈ B. Wlog. there
exists an isomorphism γ : A1 → B. With respect to a suitable basis, γ can be realized by a matrix
A ∈ GL(n,Z). In this case,

Agx = γ(gx) = gγ(x) = φ(g)Ax

holds for all x ∈ A. It follows that A−1gA = φ(g) and A−1GA = H.

Example 13.16. We determine the conjugacy classes of subgroups of order 2 in GL(2,Z). Let A ∈
GL(2,Z) be of order 2. Since there is no simple QG-module of dimension 2, every G-lattice of rank 2
possesses a sublattice of rank 1 according to Lemma 13.4. We can therefore assume A =

(
a b
0 c

)
. From

A2 = 12 it follows that a, c ∈ {±1} and (a+ c)b = 0. In the case a = c, b must be 0. Then one obtains
A = −12 in its own conjugacy class {A}. Now let ac = −1. For b = 0, two matrices arise which are
transformed into each other by conjugation with ( 0 1

1 0 ). So let b ̸= 0. Because of(
a b
0 c

)(
a 0

−2b−1 a

)
=

(
−1 ab

−2b−1c −1

)
=

(
a 0

−2b−1 a

)(
c b
0 a

)
one can assume a = 1 = −c. Because of(

1 b
0 −1

)(
1 s
0 1

)
=

(
1 b+ s
0 −1

)
=

(
1 s
0 1

)(
1 b+ 2s
0 −1

)
for s ∈ Z, one can assume b = 1. In total, one obtains three matrices −12,

(
1 0
0 −1

)
and

(
1 1
0 −1

)
, which

are not conjugate according to Example 13.6.

Remark 13.17. For infinite groups G, Corollary 13.15 does not hold (Exercise 43). However, the
following variant holds: If A ∈ GL(n,Z) is diagonalizable in GL(n,C), then the GL(n,Q)-conjugacy
class of A splits into finitely many conjugacy classes in GL(n,Z). This is because Q(A) := {γ(A) : γ ∈
Q[X]} ⊆ Qn×n is a semisimple algebra (see Remark 13.14).

Exercises

Exercise 1 (2+ 2+3 points). Let G be a finite group and K a field. Let V be a K-vector space with
basis {vg : g ∈ G}. For g, x ∈ G, let ∆(g) : V → V , vx 7→ vgx be linear.

(a) Show that ∆: G→ GL(V ) is a faithful representation of G.

(b) Calculate the character of ∆.

(c) Let charK be a divisor of |G| and s :=
∑

g∈G vg ∈ V . Show that Ks is a ∆-invariant subspace
that possesses no ∆-invariant complement in V .
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One calls ∆ the regular representation of G.

Exercise 2 (2 points). Determine the irreducible C-representations of a finite cyclic group.

Exercise 3 (2 + 2 points). Let n ∈ N be even and G = D2n = ⟨σ, τ⟩ the dihedral group of order 2n.
Show:

(a) For all ϵ, µ ∈ {±1}, there exists a representation ∆ of G with ∆(σ) = ϵ and ∆(τ) = µ.

(b) There are (at least) n−2
2 pairwise non-similar irreducible R-representations of G of degree 2.

Exercise 4 (2 points). Let ∆ be a C-matrix representation of a finite group G, and let g ∈ G. Show
that ∆(g) is diagonalizable.
Hint : One can use the minimal polynomial or Theorem 2.2 of the lecture.

Exercise 5 (2 + 2 + 2 points). Let ∆ be a C-matrix representation of G with character χ.

(a) Show that ∆ with ∆(g) := ∆(g) for g ∈ G is also a matrix representation of G. Here, ∆(g) is the
complex conjugate of ∆(g).

(b) ∆ is irreducible if and only if ∆ is irreducible.

(c) ∆ has character χ with χ(g) := χ(g) = χ(g−1) for g ∈ G.
Hint : One can use Exercise 4.

Exercise 6 (2 points). Let χ, ψ ∈ Irr(G) with χ(1) = 1. Show: χψ ∈ Irr(G).

Exercise 7 (2 points). Determine the character table of D4n for n ∈ N.

Exercise 8 (2 + 2 + 2 points). Let ∆: G→ GL(n,R) be a representation. Show:

(a) S :=
∑

g∈G∆(g)∆(g)t is symmetric and positive definite.

(b) There exists T ∈ GL(n,R) with T 2 = S.
Hint: Spectral theorem.

(c) T−1∆(x)T is an orthogonal matrix for all x ∈ G.

Remark: Every R-representation is thus similar to an orthogonal representation G→ O(n,R).

Exercise 9 (2 + 2 + 3 points). Let

Q8 :=
〈( i 0

0 −i

)
,

(
0 1
−1 0

)〉
≤ GL(2,C)

be the quaternion group. Show:

(a) |Q8| = 8, Q′
8 = ⟨−12⟩ and Q8/Q

′
8
∼= C2 × C2.

(b) Determine the character table of Q8 and compare it with D8 (Exercise 7).
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(c) Show that the embedding Q8 ↪→ GL(2,C) is not similar to any R-representation, although the
character is real-valued.
Hint: Exercise 8.
Remark: It follows that Q8 ̸∼= D8.

Exercise 10 (2 + 2 + 2 + 2 points). Show:

(a) For characters χ, ψ of G, it holds: Ker(χ+ ψ) = Ker(χ) ∩Ker(ψ).

(b) Every normal subgroup of G is the kernel of a character.

(c)
⋂
χ∈Irr(G)Ker(χ) = 1.

(d)
⋂
χ∈Irr(G) Z(χ) = Z(G).

Exercise 11 (3 points). Determine the character table of S3 using the Burnside algorithm (Theo-
rem 3.19).

Exercise 12 (2 points). Find a monic, integer polynomial with root
√
2 + 3

√
3.

Exercise 13 (3 points). Let A be an abelian subgroup of G and χ ∈ Irr(G). Show:

χ(1) ≤ |G : A|.

Hint: Frobenius reciprocity.

Exercise 14 (3 points). A permutation matrix has the form P = (δiπ(j))i,j ∈ Zn×n, where π ∈ Sn and
δij is the Kronecker delta. Determine the eigenvalues of P depending on π.

Exercise 15 (2 + 1 + 3 + 2 points). Let N ⊴G, g ∈ G and ψ be a character of N . Show:

(a) The map gψ : N → C, x 7→ ψ(g−1xg) is a character of N .

(b) G acts on Irr(N) via (g, ψ) 7→ gψ.

(c) (Clifford) For χ ∈ Irr(G) there exist e ∈ N and ψ ∈ Irr(N) with

χN = e
∑

gGψ∈G/Gψ

gψ,

where Gψ is the stabilizer of ψ in G.
Remark: e is called the ramification index of χ w.r.t. N .

(d) ψG ∈ Irr(G) holds if and only if ψ ∈ Irr(N) and Gψ = N .

Exercise 16 (3 points). Let F be a finite field with |F | > 2. For a ∈ F× and b ∈ F let φa,b : F → F ,
x 7→ ax+ b. Show that

Aff(F ) := {φa,b : a ∈ F×, b ∈ F} ≤ Sym(F )

is a Frobenius group.
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Exercise 17 (2 + 2 + 2 + 2 points). As is well known, every action of G on a set Ω induces a
homomorphism φ : G→ Sn with n = |Ω|. Show:

(a) The map τ : Sn → GL(n,C), π 7→ (δiπ(j))
n
i,j=1 is a monomorphism. In particular, ∆ := τ ◦φ : G→

GL(n,C) is a representation of G. (One calls ∆ a permutation representation.)

(b) For the character χ of ∆, χ(g) := |{ω ∈ Ω : gω = ω}| holds for g ∈ G. (One calls χ a permutation
character .)

(c) Let ω1, . . . , ωm ∈ Ω be representatives for the orbits of the action. Then

χ =
m∑
i=1

1
G
Gωi

,

where Gω is the stabilizer of ω ∈ Ω in G.

(d) m = (1G, χ)G holds. In particular, χ− 1G is a character of G if n > 1.

Exercise 18 (2 points). Show that Sn is isomorphic to a subgroup of GL(n− 1,Z) for n ≥ 2.

Exercise 19 (2 + 2 + 2 points). Show:

(a) Permutations of the same cycle type in Sn are conjugate.

(b) If g, h ∈ Sn with ⟨g⟩ = ⟨h⟩, then g and h are conjugate.

(c) The character table of Sn is integer-valued.
Hint: Brauer’s permutation lemma.

Exercise 20 (3 points). Show that

H :=

{(
a b

−b a

)
: a, b ∈ C

}
as a subalgebra of C2×2 is an R-division algebra. H is called quaternion algebra after Hamilton.
Remark: Frobenius showed that R, C and H are the only division algebras over R.

Exercise 21 (2 + 2 points). Let A be a simple algebra. Show:

(a) Z(A) is a field.

(b) Any two simple A-modules are isomorphic.

Exercise 22 (2 points). Let A be an algebra. Show that every simple A-module is isomorphic to
a direct factor of A/J(A). In particular, the number of isomorphism classes of simple A-modules is
bounded by dimA/J(A).
Remark: This improves Corollary 9.12 and is further improved in Corollary 11.13.
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Exercise 23 (1 + 3 + 2 + 2 points). Let K be a field.

(a) Show that the matrices of the form ∗ ∗ ∗
0 ∗ 0
0 0 ∗


form a subalgebra A of K3×3.

(b) Check whether A is commutative, semisimple or local.

(c) Determine a composition series of the regular A-module.

(d) How many simple modules does A have up to isomorphism?

The following exercises were not assigned:

Exercise 24 (2+2+2+2 points). Let G,H be finite, abelian groups. Show:

(a) Ĝ := Irr(G) is an abelian group with respect to multiplication. (One calls Ĝ the character group
of G.)

(b) ̂̂
G ∼= G
Hint: Think of the bidual space. Do not use (d).

(c) Ĝ×H ∼= Ĝ× Ĥ.

(d) Ĝ ∼= G.

Exercise 25 (2 points). Let x ∈ C be algebraic. Show that x is an algebraic integer if and only if the
minimal polynomial of x lies in Z[X].

Exercise 26 (2 points). Show γCDE = γDCE for all C,D,E ∈ Cl(G).

Exercise 27 (3 points). Let A ∈ Kn×n and B ∈ Km×m. Show for the Kronecker product det(A⊗B) =
det(A)m det(B)n.
Hint: Gaussian elimination.

Exercise 28 (2 points). Let N ⊴ G and χ ∈ Irr(G). Show that (χN )
G = χρ holds, where ρ is the

inflation of the regular character of G/N .

Exercise 29 (3 points). Let H ≤ G and ∆ be a representation of H with character χ. Let t1, . . . , tm
be a transversal for the left cosets of H in G. For g ∈ G let ∆̇(g) := ∆(g) if g ∈ H and 0 ∈ Zχ(1)×χ(1)
otherwise. For g ∈ G we define the block matrix

∆G(g) :=

∆̇(t−1
1 gt1) · · · ∆̇(t−1

1 gtm)
...

. . .
...

∆̇(t−1
m gt1) . . . ∆̇(t−1

m gtm)

 .

Show that ∆G is a representation of G with character χG.
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Exercise 30 (2 points). Let H ≤ G with gcd(|H|, |G : H|) = 1. Show G′ ∩ Z(G) ∩H ≤ H ′.
Remark: This generalizes the theorem of Taunt.
Hint: Every group is generated by Sylow subgroups.

Exercise 31 (2 points). Let G ≤ GL(n,Q) be finite. Show that there exists a normal subgroup
N ∼= Ck2 (with k ∈ N0) of G such that G/N is isomorphic to a subgroup of GL(n, 2).

Exercise 32 (3 points). Let G ≤ GL(2,R) be finite. Show: If G ≤ SL(2,R), then G is cyclic and
otherwise a dihedral group.
Hint: Exercise 8.

Exercise 33 (Bonus task, +3 points). A character Sudoku: Complete the following character table,
in which the first column belongs to the trivial element:

χ1

χ2

χ3

χ4 1 −1 1 1 i
χ5 2 2 2 −1 0
χ6

χ7 3 3 −1 0 1
χ8

χ9

χ10

Hint: Example 3.16.

Exercise 34 (3 points). Let K be a field and n ∈ N. For a relation R ⊆ {1, . . . , n}2 let

AR :=
{
(aij) ∈ Kn×n : (i, j) /∈ R =⇒ aij = 0

}
.

Show that AR is a K-algebra if and only if R is reflexive (∀i : (i, i) ∈ R) and transitive ((i, j), (j, k) ∈
R⇒ (i, k) ∈ R).
Remark: For the equality relation R one obtains the diagonal matrices and for the less-than-or-equal
relation one obtains the upper triangular matrices.

Exercise 35 (3 points). Let A be an algebra. Show that A-modules M and N are isomorphic if and
only if Ann(M) = Ann(N) holds.

Exercise 36 (2 + 2 + 2 points). Let e ̸= 0 be an idempotent of a K-algebra A. Show:

(a) eAe is a K-algebra, but in general not a subalgebra of A.

(b) J(eAe) = eJ(A)e.

(c) EndA(Ae) ∼= (eAe)o, where Ae is the submodule of the regular A-module generated by e.

Addition: Does Z(eAe) = eZ(A)e also hold?
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Exercise 37 (2 + 2 points). Let A be an algebra and N ≤M A-modules. Show:

(a) (Nakayama’s Lemma) From M = N + J(A)M it follows that M = N .

(b) J(M) := J(A)M is the intersection of all maximal submodules of M .

Hint: Proof of Theorem 9.15.

Exercise 38 (2 + 3 points). Show for every finite group G:

(a) For χ ∈ Irr(G), ωχ : Z(CG) → C, C+ 7→ ωχ(C) is a homomorphism of algebras.

(b) Every homomorphism Z(CG) → C has the form ωχ for some χ ∈ Irr(G).

Exercise 39 (3 points). Determine the Artin-Wedderburn decomposition of RCn for n ∈ N.

Exercise 40 (4 points). Show that a number field K is a splitting field for the finite group G if and
only if there exist n1, . . . , nk ∈ N with KG ∼= Kn1×n1 × . . .×Knk×nk .
Hint: Theorem 12.7.

Exercise 41 (3 points). Let K be an algebraically closed field of characteristic p > 0 and G a finite
group. Show that KG has, up to isomorphism, exactly |G : G′|p′ modules of dimension 1 (where
|G : G′|p′ is the largest divisor of |G : G′| coprime to p).

Exercise 42 (2 + 3 + 3 + 3 points). Let G := ⟨
(
0 −1
1 −1

)
, ( 0 1

1 0 )⟩ ∼= S3 with the natural representation
on V := Q2. Let A := Z2 ⊆ V be a G-lattice. Recapitulate the proof of Jordan-Zassenhaus in this
situation:

(a) Show M = 3s112. Thus one can choose c = 9.

(b) Construct all subgroups in A/9A.

(c) Which of these are G-lattices (A, 3A, 9A, B, 3B).

(d) Show that there are exactly six isomorphism classes of (not necessarily simple) G-lattices of rank
2.
Hint: Example 13.16

Exercise 43 (2 points). Show that the matrices ( 1 a0 1 ) with a ∈ N are conjugate in GL(2,Q), but are
pairwise not conjugate in GL(2,Z).
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Index
Symbols
(χ, ψ)G, 8
[x, y], 14
1G, 4
Aff(F ), 59
An, 4
Ann(M), 37
Ao, 30
C+, 47
CF(G), 8
C(G), 12
CG(g), 8
Cl(G), 8
Cl(g), 8
Cn, 14
D2n , 4
∆⊕ Γ, 4
∆H , 4
detχ, 8
Eij , 9
EndA(M), 36
G′, 14
γ(A), 43
γCDE , 11
H, 60
HomA(M,N), 35
Irr(G), 7
J(M), 63
k(G), 8
Ker(χ), 15
K×, 4
M ≃ N , 35
ωχ(C), 11
φG, 19
Q8, 58
Qn, 22
Secp′(x), 48
sgn, 4
Sn, 4
Z(A), 30
Z(χ), 15
Q, 24

A
action, 4
algebra, 30

local, 32
opposite, 30
semisimple, 32
simple, 31

algebraic integer, 17
annihilator, 37
Artin-Wedderburn, 41

B
Brauer, 49
Brauer character, 50
Brauer’s Induction Theorem, 24
Brauer’s Permutation Lemma, 28
Burnside, 46
Burnside algorithm, 16
Burnside’s paqb-theorem, 22

C
center, 30
centralizer, 8
character, 7

center, 15
degree, 7
faithful, 7
induced, 20
irreducible, 7
linear, 8
trivial, 8

character group, 61
character sudoku, 62
character table, 12

D4n, 58
A4, 15
A5, 29
abelian group, 14
C2 × C2, 14
Cn, 14
Q8, 58
Sn, 60

class function, 8
induced, 19

class multiplication constant, 11
class number

of a group, 8
of a number field, 56

class sum, 47
Clifford, 59
commutator, 14
commutator space, 43
composition factor, 36
composition series, 36
conjugacy class, 8
constituent

irreducible, 12
multiplicity, 12

Correspondence Theorem, 32

D
Dedekind identity, 35
deflation, 4
degree, 4
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∆-invariant, 5
derived subgroup, 14
dihedral group, 4
direct product, 30
Dirichlet, 7
division algebra, 30
Dixon-Schneider algorithm, 17

E
element

conjugate, 8
idempotent, 33
nilpotent, 33

endomorphism algebra, 36

F
Feit, 26, 27
Fitting, 42
Frobenius, 22, 60
Frobenius group, 23
Frobenius reciprocity, 20

G
Galois conjugate, 28
Gaschütz, 55
G-lattice, 52

homomorphism, 54
isomorphic, 54
simple, 52

group algebra, 45

H
Hamilton, 60
Higman, 52
homomorphism

of algebras, 30
of modules, 35

homomorphism Theorem
for algebras, 31

homomorphism theorem
for modules, 36

I
ideal, 31

fractional, 56
nilpotent, 31

idempotent, 33
lifting, 34

inflation, 4
involution, 14
isomorphism theorems

for algebras, 31
for modules, 36

J
Jacobson radical, 32
Jordan, 27

Jordan-Hölder, 36
Jordan-Zassenhaus, 55

K
K-representation, 4
Knapp-Schmid, 23
Koh, 34
Kronecker product, 12
Krull-Schmidt, 42

M
Maschke, 5, 46
matrix representation, 4
Minkowski, 25
Minkowski’s linear forms theorem, 54
module, 34

(in)decomposable, 41
regular, 35
semisimple, 38
simple, 35
trivial, 35, 46

N
Nakayama’s Lemma, 63
nilpotent, 33
number field, 24

O
orthogonality relation

first, 9
second, 11

P
p-conjugacy class, 48
p-element, p′-element, 48
p-factor, p′-factor, 48
p′-section, 48
permutation character, 60
permutation matrix, 59

generalized, 26
permutation representation, 60

Q
quaternion algebra, 60
quaternion group, 58

R
radical, 32
Rado, 55
ramification index, 59
representation

(ir)reducible, 5
absolutely irreducible, 25
degree, 4
faithful, 4
integral, 52
of an algebra, 36
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orthogonal, 58
regular, 58
similar, 5
trivial, 4

restriction, 4

S
Schur, 29
Schur relations, 9
Schur’s Lemma, 6
splitting field, 25
subalgebra, 30
sublattice, 52
submodule, 35

T
Taunt, 23
tensor product, 53

W
Wedderburn, 30
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